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Abstract
These lectures provide an introduction to the low-energy dynamics of Nambu–
Goldstone fields, associated with some spontaneous (or dynamical) symmetry break-
ing, using the powerful methods of effective field theory. The generic symmetry proper-
ties of these massless modes are described in detail and two very relevant phenomeno-
logical applications are worked out: chiral perturbation theory, the low-energy effective
theory of QCD, and the (non-linear) electroweak effective theory. The similarities and
differences between these two effective theories are emphasized, and their current sta-
tus is reviewed. Special attention is given to the short-distance dynamical information
encoded in the low-energy couplings of the effective Lagrangians. The successful meth-
ods developed in QCD could help us to uncover fingerprints of new physics scales from
future measurements of the electroweak effective theory couplings.
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Effective Field Theory with
Nambu–Goldstone Modes
Field theories with spontaneous symmetry breaking (SSB) provide an ideal envi-
ronment to apply the techniques of effective field theory (EFT). They contain massless
Nambu–Goldstone modes, separated from the rest of the spectrum by an energy gap.
The low-energy dynamics of the massless fields can then be analysed through an ex-
pansion in powers of momenta over some characteristic mass scale. Owing to the
Nambu–Goldstone nature of the light fields, the resulting effective theory is highly
constrained by the pattern of symmetry breaking.
Quantum Chromodynamics (QCD) and the electroweak Standard Model (SM) are
two paradigmatic field theories where symmetry breaking plays a critical role. If quark
masses are neglected, the QCD Lagrangian has a global chiral symmetry that gets
dynamically broken through a non-zero vacuum expectation value of the q¯q operator.
With nf = 2 light quark flavours, there are three associated Nambu–Goldstone modes
that can be identified with the pion multiplet. The symmetry breaking mechanism is
quite different in the SM case, where the electroweak gauge theory is spontaneously
broken through a scalar potential with non-trivial minima. Once a given choice of
the (non-zero) scalar vacuum expectation value is adopted, the excitations along the
flat directions of the potential give rise to three massless Nambu–Goldstone modes,
which in the unitary gauge become the longitudinal polarizations of the W± and Z
gauge bosons. In spite of the totally different underlying dynamics (non-perturbative
dynamical breaking versus perturbative spontaneous symmetry breaking), the low-
energy interactions of the Nambu–Goldstone modes are formally identical in the two
theories because they share the same pattern of symmetry breaking.
These lectures provide an introduction to the effective field theory description of
the Nambu–Goldstone fields, and some important phenomenological applications. A
toy model incorporating the relevant symmetry properties is first studied in Section 1,
and the different symmetry realizations, Wigner–Weyl and Nambu–Goldstone, are
discussed in Section 2. Section 3 analyses the chiral symmetry of massless QCD. The
corresponding Nambu–Goldstone EFT is developed next in Section 4, using symme-
try properties only, while Section 5 discusses the explicit breakings of chiral symmetry
and presents a detailed description of chiral perturbation theory (χPT), the low-energy
effective realization of QCD. A few phenomenological applications are presented in Sec-
tion 6. The quantum chiral anomalies are briefly touched in Section 7, and Sections 8
and 9 are devoted to the dynamical understanding of the χPT couplings.
The electroweak symmetry breaking is analysed in Section 10, which discusses the
custodial symmetry of the SM scalar potential and some relevant phenomenological
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Fig. 1 Sigma-model potential.
consequences. Section 11 presents the electroweak effective theory formalism, while
the short-distance information encoded in its couplings is studied in Section 12. A few
summarizing comments are finally given in Section 13.
To prepare these lectures I have made extensive use of my previous reviews on
effective field theory [167], χPT [166, 168, 169] and electroweak symmetry breaking
[171]. Complementary information can be found in many excellent reports [33, 34, 44,
64, 78, 87, 98, 145, 146, 191] and books [74, 192], covering related subjects.
1 A toy Lagrangian: the linear sigma model
Let us consider a multiplet of four real scalar fields Φ(x)T ≡ (~π, σ), described by the
Lagrangian
Lσ = 1
2
∂µΦ
T ∂µΦ− λ
4
(
ΦTΦ− v2)2 . (1)
Lσ remains invariant under (xµ-independent) SO(4) rotations of the four scalar com-
ponents. If v2 were negative, this global symmetry would be realised in the usual
Wigner–Weyl way, with four degenerate states of mass m2Φ = −λv2. However, for
v2 > 0, the potential has a continuous set of minima, occurring for all field con-
figurations with ΦTΦ = v2. This is illustrated in Fig. 1 that shows the analogous
three-dimensional potential. These minima correspond to degenerate ground states,
which transform into each other under SO(4) rotations. Adopting the vacuum choice
〈0|σ|0〉 = v , 〈0|~π|0〉 = 0 , (2)
and making the field redefinition σˆ = σ − v, the Lagrangian takes the form
Lσ = 1
2
[
∂µσˆ∂
µσˆ − 2λv2σˆ2 + ∂µ~π∂µ~π
]− λv σˆ (σˆ2 + ~π2)− λ
4
(
σˆ2 + ~π2
)2
, (3)
which shows that the three ~π fields are massless Nambu–Goldstone modes, correspond-
ing to excitations along the three flat directions of the potential, while σˆ acquires a
mass M2 = 2λv2.
The vacuum choice (2) is only preserved by SO(3) rotations among the first three
field components, leaving the fourth one untouched. Therefore, the potential triggers
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an SO(4) → SO(3) spontaneous symmetry breaking, and there are three ( 4×32 −
3×2
2
) broken generators that do not respect the adopted vacuum. The three Nambu–
Goldstone fields are associated with these broken generators.
To better understand the role of symmetry on the Goldstone dynamics, it is useful
to rewrite the sigma-model Lagrangian with different field variables. Using the 2× 2
matrix notation
Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) , (4)
with ~τ the three Pauli matrices and I2 the identity matrix, the Lagrangian (1) can be
compactly written as
Lσ = 1
4
〈∂µΣ†∂µΣ〉 − λ
16
(〈Σ†Σ〉 − 2v2)2 , (5)
where 〈A〉 denotes the trace of the matrix A. In this notation, Lσ is explicitly invariant
under global G ≡ SU(2)L ⊗ SU(2)R transformations,
Σ
G−→ gRΣ g†L , gL,R ∈ SU(2)L,R , (6)
while the vacuum choice 〈0|Σ|0〉 = v I2 only remains invariant under those transforma-
tions satisfying gL = gR, i.e., under the diagonal subgroup H ≡ SU(2)L+R. Therefore,
the pattern of symmetry breaking is
SU(2)L ⊗ SU(2)R −→ SU(2)L+R . (7)
The change of field variables just makes manifest the equivalences of the groups SO(4)
and SO(3) with SU(2)L ⊗ SU(2)R and SU(2)L+R, respectively. The physics content
is of course the same.
We can now make the polar decomposition
Σ(x) = [v + S(x)] U(~φ ) , U(~φ ) = exp
{
i
~τ
v
~φ(x)
}
, (8)
in terms of an Hermitian scalar field S(x) and three pseudoscalar variables ~φ(x), nor-
malized with the scale v in order to preserve the canonical dimensions. S(x) remains
invariant under the symmetry group, while the matrix U(~φ ) inherits the chiral trans-
formation of Σ(x):
S
G−→ S , U(~φ ) G−→ gR U(~φ ) g†L . (9)
Obviously, the fields ~φ(x) within the exponential transform non-linearly. The sigma-
model Lagrangian takes then a very enlightening form:
Lσ = v
2
4
(
1 +
S
v
)2
〈∂µU †∂µU〉+ 1
2
(
∂µS ∂
µS −M2S2)− M2
2v
S3 − M
2
8v2
S4 . (10)
This expression shows explicitly the following important properties:
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• The massless Nambu–Goldstone bosons ~φ, parametrized through the matrix U(~φ ),
have purely derivative couplings. Therefore, their scattering amplitudes vanish at
zero momenta. This was not so obvious in eqn (3), and implies that this former ex-
pression of Lσ gives rise to exact (and not very transparent) cancellations among
different momentum-independent contributions. The two functional forms of the
Lagrangian should of course give the same physical predictions.
• The potential only depends on the radial variable S(x), which describes a massive
field with M2 = 2λv2. In the limit λ≫ 1, the scalar field S becomes very heavy
and can be integrated out from the Lagrangian. The linear sigma model then
reduces to
L2 = v
2
4
〈∂µU †∂µU〉 , (11)
which contains an infinite number of interactions among the ~φ fields, owing to
the non-linear functional form of U(~φ ). As we will see later, L2 is a direct conse-
quence of the pattern of SSB in (7). It represents a universal (model-independent)
interaction of the Nambu–Goldstone modes at very low energies.
• In order to be sensitive to the particular dynamical structure of the potential, and
not just to its symmetry properties, one needs to test the model-dependent part
involving the scalar field S. At low momenta (p << M), the dominant tree-level
corrections originate from S exchange, which generates the four-derivative term
L4 = v
2
8M2
〈∂µU †∂µU〉2. (12)
The corresponding contributions to the low-energy scattering amplitudes are sup-
pressed by a factor p2/M2 with respect to the leading contributions from (11).
One can easily identify Lσ with the (non-gauged) scalar Lagrangian of the elec-
troweak SM. However, the non-linear sigma model was originally suggested to describe
the low-energy dynamics of the QCD pions [96, 193]. Both theories have the pattern
of symmetry breaking displayed in eqn (7).
2 Symmetry realizations
Noether’s theorem guarantees the existence of conserved quantities associated with any
continuous symmetry of the action. If a group G of field transformations leaves the
Lagrangian invariant, for each generator of the group T a, there is a conserved current
jµa (x) such that ∂µj
µ
a = 0 when the fields satisfy the Euler–Lagrangian equations of
motion. The space integrals of the time-components j0a(x) are then conserved charges,
independent of the time coordinate:
Qa =
∫
d3x j0a(x) ,
d
dt
Qa = 0 . (13)
In the quantum theory, the conserved charges become symmetry generators that im-
plement the group of transformations through the unitary operators U = exp {iθaQa},
being θa the continuous parameters characterizing the transformation. These unitary
operators commute with the Hamiltonian, i.e., UHU † = H.
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In the usual Wigner–Weyl realization of the symmetry, the charges annihilate the
vacuum, Qa|0〉 = 0, so that it remains invariant under the group of transformations:
U |0〉 = |0〉. This implies the existence of degenerate multiplets in the spectrum. Given
a state |A〉 = φ†A|0〉, the symmetry transformation UφAU † = φB generates another
state |B〉 = φ†B |0〉 = U |A〉 with the same energy:
EB = 〈B|H|B〉 = 〈A|U †HU |A〉 = 〈A|H|A〉 = EA . (14)
The previous derivation is no-longer valid when the vacuum is not invariant under
some group transformations. Actually, if a charge does not annihilate the vacuum,
Qa|0〉 is not even well defined because
〈0|QaQb|0〉 =
∫
d3x 〈0|j0a(x)Qb|0〉 = 〈0|j0a(0)Qb|0〉
∫
d3x = ∞ , (15)
where we have made use of the invariance under translations of the space-time coor-
dinates, which implies
jµa (x) = e
iPµx
µ
jµa (0) e
−iPµxµ , (16)
with Pµ the four-momentum operator that satisfies [Pµ,Qb] = 0 and Pµ|0〉 = 0.
Thus, one needs to be careful and state the vacuum properties of Qa in terms of
commutation relations that are mathematically well defined. One can easily proof the
following important result [100, 101, 150, 151, 152, 153].
Nambu–Goldstone theorem: Given a conserved current jµa (x) and its correspond-
ing conserved chargeQa, if there exists some operatorO such that va ≡ 〈0|[Qa,O]|0〉 6=
0, then the spectrum of the theory contains a massless state |φa〉 that couples both to
O and j0a, i.e., 〈0|O|φa〉 〈φa|j0a(0)|0〉 6= 0.
Proof Using (13), (16) and the completeness relation
∑
n |n〉〈n| = 1, where the sum
is over the full spectrum of the theory, the non-zero vacuum expectation value can be
written as
va =
∑
n
∫
d3x
{〈0|j0a(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0a(x)|0〉}
=
∑
n
∫
d3x
{
e−ipn·x 〈0|j0a(0)|n〉〈n|O|0〉 − eipn·x 〈0|O|n〉〈n|j0a(0)|0〉
}
= (2π)3
∑
n
δ(3)(~pn)
{
e−iEnt 〈0|j0a(0)|n〉〈n|O|0〉 − eiEnt 〈0|O|n〉〈n|j0a(0)|0〉
} 6= 0 .
Since Qa is conserved, va should be time independent. Therefore, taking a derivative
with respect to t,
0 = −i(2π)3
∑
n
δ(3)(~pn)En
{
e−iEnt 〈0|j0a(0)|n〉〈n|O|0〉+ eiEnt 〈0|O|n〉〈n|j0a(0)|0〉
}
.
The two equations can only be simultaneously true if there exist a state |n〉 ≡ |φa〉
such that δ(3)(~pn)En = 0 (i.e., a massless state) and 〈0|O|n〉 〈n|j0a(0)|0〉 6= 0. ✷
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The vacuum expectation value va is called an order parameter of the symmetry
breaking. Obviously, when Qa|0〉 = 0 the parameter va is trivially zero for all operators
of the theory. Notice that we have proved the existence of massless Nambu–Goldstone
modes without making use of any perturbative expansion. Thus, the theorem applies
to any (Poincare-invariant) physical system where a continuous symmetry of the La-
grangian is broken by the vacuum, either spontaneously or dynamically.
3 Chiral symmetry in massless QCD
Let us consider nf flavours of massless quarks, collected in a vector field in flavour
space: qT = (u, d, . . .). Colour indices are omitted, for simplicity. The corresponding
QCD Lagrangian can be compactly written in the form:
L0QCD = −
1
4
GaµνG
µν
a + iq¯Lγ
µDµqL + iq¯Rγ
µDµqR , (17)
with the gluon interactions encoded in the flavour-independent covariant derivative
Dµ. In the absence of a quark mass term, the left and right quark chiralities separate
into two different sectors that can only communicate through gluon interactions. The
QCD Lagrangian is then invariant under independent global G ≡ SU(nf )L⊗SU(nf )R
transformations of the left- and right-handed quarks in flavour space:1
qL
G−→ gL qL , qR
G−→ gR qR , gL,R ∈ SU(nf)L,R . (18)
The Noether currents associated with the chiral group G are:
JaµX = q¯Xγ
µT aqX , (X = L,R; a = 1, . . . , n
2
f − 1), (19)
where T a denote the SU(nf ) generators that fulfil the Lie algebra [T
a, T b] = ifabcT
c.
The corresponding Noether charges QaX satisfy the commutation relations
[QaX ,QbY ] = i δXY fabcQcX , (20)
involving the SU(nf ) structure constants fabc. These algebraic relations were the start-
ing point of the successful Current-Algebra methods of the sixties [5, 67], before the
development of QCD.
The chiral symmetry (18), which should be approximately good in the light quark
sector (u,d,s), is however not seen in the hadronic spectrum. Since parity exchanges left
and right, a normal Wigner–Weyl realization of the symmetry would imply degenerate
mirror multiplets with opposite chiralities. However, although hadrons can be nicely
classified in SU(3)V representations, degenerate multiplets with the opposite parity
do not exist. Moreover, the octet of pseudoscalar mesons is much lighter than all
the other hadronic states. These empirical facts clearly indicate that the vacuum is
not symmetric under the full chiral group. Only those transformations with gR =
1 Actually, the Lagrangian (17) has a larger U(nf )L ⊗ U(nf )R global symmetry. However, the
U(1)A part is broken by quantum effects (the U(1)A anomaly), while the quark-number symmetry
U(1)V is trivially realised in the meson sector.
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gL remain a symmetry of the physical QCD vacuum. Thus, the SU(3)L ⊗ SU(3)R
symmetry dynamically breaks down to SU(3)L+R.
Since there are eight broken axial generators, QaA = QaR − QaL, there should be
eight pseudoscalar Nambu–Goldstone states |φa〉, which we can identify with the eight
lightest hadronic states (π+, π−, π0, η, K+, K−, K0 and K¯0). Their small masses are
generated by the quark-mass matrix, which explicitly breaks the global chiral symme-
try of the QCD Lagrangian. The quantum numbers of the Nambu–Goldstone bosons
are dictated by those of the broken axial currents JaµA and the operators Ob that trig-
ger the needed non-zero vacuum expectation values, because 〈0|Ja0A |φa〉 〈φa|Ob|0〉 6= 0.
Therefore Ob must be pseudoscalar operators. The simplest possibility is Ob = q¯γ5λbq,
with λb the set of eight 3× 3 Gell-Mann matrices, which satisfy
〈0|[QaA, q¯γ5λbq]|0〉 = −
1
2
〈0|q¯{λa, λb}q|0〉 = −2
3
δab 〈0|q¯q|0〉 . (21)
The quark condensate
〈0|u¯u|0〉 = 〈0|d¯d|0〉 = 〈0|s¯s|0〉 6= 0 (22)
is then the natural order parameter of the dynamical chiral symmetry breaking (χSB).
The SU(3)V symmetry of the vacuum guarantees that this order parameter is flavour
independent.
With nf = 2, q
T = (u, d), one recovers the pattern of χSB in eqn (7). The cor-
responding three Nambu–Goldstone bosons are obviously identified with the pseu-
doscalar pion multiplet.
4 Nambu–Goldstone effective Lagrangian
Since there is a mass gap separating the Nambu–Goldstone bosons from the rest of the
spectrum, we can build an EFT containing only the massless modes. Their Nambu–
Goldstone nature implies strong constraints on their interactions, which can be most
easily analysed on the basis of an effective Lagrangian, expanded in powers of momenta
over some characteristic scale, with the only assumption of the pattern of symmetry
breaking G→ H. In order to proceed we need first to choose a good parametrization
of the fields.
4.1 Coset-space coordinates
Let us consider the O(N) sigma model, described by the Lagrangian (1), where now
Φ(x)T ≡ (ϕ1, ϕ2, · · · , ϕN ) is an N -dimensional vector of real scalar fields. The La-
grangian has a global O(N) symmetry, under which Φ(x) transforms as an O(N)
vector, and a degenerate ground-state manifold composed by all field configurations
satisfying |Φ|2 =∑i ϕ2i = v2. This vacuum manifold is the N − 1 dimensional sphere
SN−1, in the N -dimensional space of scalar fields. Using the O(N) symmetry, we can
always rotate the vector 〈0|Φ|0〉 to any given direction, which can be taken to be
ΦT0 ≡ 〈0|Φ|0〉T = (0, 0, · · · , 0, v) . (23)
This vacuum choice only remains invariant under the O(N − 1) subgroup, acting on
the first N−1 field coordinates. Thus, there is an O(N)→ O(N−1) SSB. Since O(N)
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O
NU
U′
g
Fig. 2 Geometrical representation
of the vacuum manifold SN−1. The
arrow indicates the chosen vacuum
direction Φ0.
ξ(φ)
H
G/Hφ φ′
g
h†
Fig. 3 Under the action of g ∈ G, the coset rep-
resentative ξ(~φ ) transforms into some element of
the ~φ′ coset. A compensating h(~φ, g) ∈ H trans-
formation is needed to go back to ξ(~φ′).
has N(N − 1)/2 generators, while O(N − 1) only has (N − 1)(N − 2)/2, there are
N − 1 broken generators T̂ a. The N − 1 Nambu–Goldstone bosons parametrize the
corresponding rotations of Φ0 over the vacuum manifold S
N−1.
Taking polar coordinates, we can express the N -component field Φ(x) in the form
Φ(x) =
(
1 +
S(x)
v
)
U(x) Φ0 , (24)
with S(x) the radial excitation of mass M2 = 2λv2, and the N − 1 Nambu–Goldstone
fields φa(x) encoded in the matrix
U(x) = exp
{
i T̂ a
φa(x)
v
}
. (25)
Figure 2 displays a geometrical representation of the vacuum manifold SN−1, with
the north pole of the sphere indicating the vacuum choice Φ0. This direction remains
invariant under any transformation h ∈ O(N − 1), i.e., hΦ0 = Φ0, while the broken
generators T̂ a induce rotations over the surface of the sphere. Thus, the matrix U(x)
provides a general parametrization of the SN−1 vacuum manifold. Under a global
symmetry transformation g ∈ O(N), U(x) is transformed into a new matrix g U(x)
that corresponds to a different point on SN−1. However, in general, the matrix g U(x)
is not in the standard form (25), the difference being a transformation h ∈ O(N − 1):
g U(x) = U ′(x) h(g, U) . (26)
This is easily understood in three dimensions: applying two consecutive rotations g U
over an object in the north pole N is not equivalent to directly making the rotation
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U ′; an additional rotation around the ON axis is needed to reach the same final result.
The two matrices g U and U ′ describe the same Nambu–Goldstone configuration over
the sphere SN−1, but they correspond to different choices of the Goldstone coordi-
nates in the coset space O(N)/O(N − 1) ≡ SN−1. The compensating transformation
h(g, U) is non-trivial because the vacuum manifold is curved; it depends on both the
transformation g and the original configuration U(x).
In a more general situation, we have a symmetry group G and a vacuum manifold
that is only invariant under the subgroup H ⊂ G, generating a G → H SSB with
N = dim(G) − dim(H) Nambu–Goldstone fields ~φ ≡ (φ1, · · · , φN ), corresponding to
the number of broken generators. The action of the symmetry group on these massless
fields is given by some mapping
~φ(x)
G−→ ~φ′(x) = ~F(g, ~φ ) , (27)
which depends both on the group transformation g ∈ G and the vector field ~φ(x). This
mapping should satisfy ~F(e, ~φ ) = ~φ, where e is the identity element of the group, and
the group composition law ~F(g1, ~F(g2, ~φ )) = ~F(g1g2, ~φ ).
Once a vacuum choice ~φ0 has been adopted, the Nambu–Goldstone fields corre-
spond to quantum excitations along the full vacuum manifold. Since the vacuum is
invariant under the unbroken subgroup, ~F(h, ~φ0) = ~φ0 for all h ∈ H. Therefore,
~φ(x) = ~F(g, ~φ0) = ~F(gh, ~φ0) ∀h ∈ H . (28)
Thus, the function ~F represents a mapping between the members of the (left) coset
equivalence class gH = {gh | h ∈ H} and the corresponding field configuration ~φ(x).
Since the mapping is isomorphic and invertible,2 the Nambu–Goldstone fields can be
then identified with the elements of the coset space G/H.
For each coset, and therefore for each field configuration ~φ(x), one can choose an
arbitrary group element to be the coset representative ξ(~φ ), as shown in Fig. 3 that
visualizes the partition of the group elements (points in the plane) into cosets (verti-
cal lines). Under a transformation g ∈ G, ~φ(x) changes as indicated in (27), but the
group element representing the original field does not get necessarily transformed into
the coset representative of the new field configuration ~φ′(x). In general, one needs a
compensating transformation h(~φ, g) ∈ H to get back to the chosen coset representa-
tive [51, 63]:
ξ(~φ )
G−→ ξ(~φ′) = g ξ(~φ ) h†(~φ, g) . (29)
In the O(N) model, the selected coset representative was the matrix U(x) in (25),
which only involves the broken generators.
4.2 Chiral symmetry formalism
Let us now particularize the previous discussion to the χSB
2 If two elements of the coset space g1H and g2H are mapped into the same field configuration, i.e.,
~F(g1 , ~φ0) = ~F(g2 , ~φ0), then ~F(g−11 g2 , ~φ0) = ~φ0, implying that g−11 g2 ∈ H and therefore g2 ∈ g1H.
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G ≡ SU(nf )L ⊗ SU(nf )R −→ H ≡ SU(nf )V , (30)
with n2f−1 Nambu–Goldstone fields φa(x), and a choice of coset representative ξ(~φ ) ≡
(ξL(
~φ ), ξR(
~φ )) ∈ G. Under a chiral transformation g ≡ (gL, gR) ∈ G, the change of
the field coordinates in the coset space G/H is given by
ξL(
~φ )
G−→ gL ξL(~φ ) h†(~φ, g) , ξR(~φ )
G−→ gR ξR(~φ ) h†(~φ, g) . (31)
The compensating transformation h(~φ, g) is the same in the two chiral sectors because
they are related by a parity transformation that leaves H invariant.
We can get rid of h(~φ, g) by combining the two chiral relations in (31) into the
simpler form
U(~φ ) ≡ ξR(~φ ) ξ†L(~φ ) G−→ gR U(~φ ) g†L . (32)
We will also adopt the canonical choice of coset representative ξR(
~φ ) = ξ†L(~φ ) ≡ u(~φ ),
involving only the broken axial generators. The nf × nf unitary matrix
U(~φ ) = u(~φ )2 = exp
{
i
√
2
Φ
F
}
, Φ(x) ≡
√
2 T̂ aφa(x) , (33)
gives a very convenient parametrization of the Nambu–Goldstone modes, with F some
characteristic scale that is needed to compensate the dimension of the scalar fields.
With nf = 3,
Φ(x) ≡
~λ√
2
~φ =

1√
2
π0 + 1√
6
η8 π
+ K+
π− − 1√
2
π0 + 1√
6
η8 K
0
K− K¯0 − 2√
6
η8
 . (34)
The corresponding nf = 2 representation, Φ(x) ≡ ~τ ~φ/
√
2, reduces to the upper-
left 2 × 2 submatrix, with the pion fields only. The given field labels are of course
arbitrary in the fully symmetric theory, but they will correspond (in QCD) to the
physical pseudoscalar mass eigenstates, once the symmetry-breaking quark masses will
be taken into account. Notice that U(~φ ) transforms linearly under the chiral group,
but the induced transformation on the Nambu–Goldstone fields ~φ is non-linear.
In QCD, we can intuitively visualize the matrix U(~φ )ij as parametrizing the zero-
energy excitations over the quark vacuum condensate 〈0|q¯jLqiR|0〉 ∝ δij , where i, j
denote flavour indices.
4.3 Effective Lagrangian
In order to obtain a model-independent description of the Nambu–Goldstone dynamics
at low energies, we should write the most general Lagrangian involving the matrix
U(~φ ), which is consistent with the chiral symmetry (30), i.e., invariant under the
transformation (32). We can organise the Lagrangian as an expansion in powers of
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momenta or, equivalently, in terms of an increasing number of derivatives. Owing to
parity conservation, the number of derivatives should be even:
Leff(U) =
∑
n
L2n . (35)
The terms with a minimum number of derivatives will dominate at low energies.
The unitarity of the U matrix, U †U = I, implies that all possible invariant oper-
ators without derivatives are trivial constants because 〈(U †U)m〉 = 〈 I 〉 = nf , where
〈A〉 denotes the flavour trace of the matrix A. Therefore, one needs at least two
derivatives to generate a non-trivial interaction. To lowest order (LO), there is only
one independent chiral-symmetric structure:
L2 = F
2
4
〈∂µU †∂µU〉 . (36)
This is precisely the operator (11) that we found with the toy sigma model discussed
in Section 1, but now we have derived it without specifying any particular underlying
Lagrangian (we have only used chiral symmetry). Therefore, (36) is a universal low-
energy interaction associated with the χSB (30).
Expanding U(~φ ) in powers of Φ, the Lagrangian L2 gives the kinetic terms plus a
tower of interactions involving an increasing number of pseudoscalars. The requirement
that the kinetic terms are properly normalized fixes the global coefficient F 2/4 in
eqn (36). All interactions are then predicted in terms of the single coupling F that
characterizes the dynamics of the Nambu–Goldstone fields:
L2 = 1
2
〈∂µΦ ∂µΦ〉 + 1
12F 2
〈(Φ↔∂µΦ) (Φ
↔
∂µΦ)〉 + O(Φ6/F 4) , (37)
where (Φ
↔
∂µΦ) ≡ Φ (∂µΦ)− (∂µΦ)Φ.
The calculation of scattering amplitudes becomes now a trivial perturbative exer-
cise. For instance, for the π+π0 elastic scattering, one gets the tree-level amplitude [207]
T (π+π0 → π+π0) = t
F 2
, (38)
in terms of the Mandelstam variable t ≡ (p′+−p+)2 that obviously vanishes at zero mo-
menta. Similar results can be easily obtained for ππ → 4π, 6π, 8π . . . The non-linearity
of the effective Lagrangian relates processes with different numbers of pseudoscalars,
allowing for absolute predictions in terms of the scale F .
The derivative nature of the Nambu–Goldstone interactions is a generic feature
associated with the SSB mechanism, which is related to the existence of a symmetry
under the shift transformation φ′a(x) = φa(x) + ca. This constant shift amounts to a
global rotation of the whole vacuum manifold that leaves the physics unchanged.
The next-to-leading order (NLO) Lagrangian contains four derivatives:
LSU(3)4 = L1 〈∂µU †∂µU〉2 + L2 〈∂µU †∂νU〉〈∂µU †∂νU〉+ L3 〈∂µU †∂µU∂νU †∂νU〉 .
(39)
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We have particularized the Lagrangian to nf = 3, where there are three independent
chiral-invariant structures.3 In the general SU(nf )L⊗SU(nf )R case, with nf > 3, one
must also include the term 〈∂µU †∂νU∂µU †∂νU〉. However, for nf = 3, this operator
can be expressed as a combination of the three chiral structures in (39), applying the
Cayley-Hamilton relation
〈ABAB〉 = −2 〈A2B2〉+ 1
2
〈A2〉〈B2〉+ 〈AB〉2 , (40)
which is valid for any pair of traceless, Hermitian 3 × 3 matrices, to the matrices
A = i(∂µU
†)U and B = iU †∂µU . For nf = 2, the L3 term can also be eliminated with
the following algebraic relation among arbitrary SU(2) matrices a, b, c and d:
2 〈abcd〉 = 〈ab〉〈cd〉 − 〈ac〉〈bd〉+ 〈ad〉〈bc〉 . (41)
Therefore,
LSU(2)4 =
ℓ1
4
〈∂µU †∂µU〉2 + ℓ2
4
〈∂µU †∂νU〉〈∂µU †∂νU〉 . (42)
While the LO Nambu–Goldstone dynamics is fully determined by symmetry con-
straints and a unique coupling F , three (two) more free parameters Li (ℓi) appear
at NLO for nf = 3 (nf = 2). These couplings encode all the dynamical information
about the underlying ‘fundamental’ theory. The physical predictions of different short-
distance Lagrangians, sharing the same pattern of SSB, only differ at long distances in
the particular values of these low-energy couplings (LECs). The SO(4) sigma model
discussed in Section 1, for instance, is characterized at tree level by the couplings
F = v, ℓ1 = v
2/(2M2) = 1/(4λ) and ℓ2 = 0, where v and λ are the parameters of the
potential.
4.4 Quantum loops
The effective Lagrangian defines a consistent quantum field theory, involving the corre-
sponding path integral over all Nambu–Goldstone field configurations. The quantum
loops contain massless boson propagators and give rise to logarithmic dependences
with momenta, with their corresponding cuts, as required by unitarity. Since the loop
integrals are homogeneous functions of the external momenta, we can easily determine
the power suppression of a given diagram with a straightforward dimensional counting.
Weinberg power-counting theorem: Let us consider a connected Feynman dia-
gram Γ with L loops, I internal boson propagators, E external boson lines and Nd
vertices of O(pd). Γ scales with momenta as pdΓ , where [211]
dΓ = 2L+ 2 +
∑
d
(d− 2)Nd . (43)
3Terms such as 〈✷U†✷U〉 or 〈∂µ∂νU†∂µ∂νU〉 can be eliminated through partial integration and
the use of theO(p2) equation of motion: U†✷U−(✷U†)U = 0. Since the loop expansion is a systematic
expansion around the classical solution, the LO equation of motion can be consistently applied to
simplify higher-order terms in the Lagrangian.
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Proof Each loop integral contributes four powers of momenta, while propagators
scale as 1/p2. Therefore, dΓ = 4L − 2I +
∑
d dNd. The number of internal lines is
related to the total number of vertices in the diagram, V =
∑
dNd, and the number of
loops, through the topological identity L = I + 1− V . Therefore, (43) follows. ✷
Thus, each loop increases the power suppression by two units. This establishes a
crucial power counting that allows us to organise the loop expansion as a low-energy
expansion in powers of momenta. The leading O(p2) contributions are obtained with
L = 0 and Nd>2 = 0. Therefore, at LO we must only consider tree-level diagrams with
L2 insertions. At O(p4), we must include tree-level contributions with a single insertion
of L4 (L = 0, N4 = 1, Nd>4 = 0) plus any number of L2 vertices, and one-loop graphs
with the LO Lagrangian only (L = 1, Nd>2 = 0). The O(p6) corrections would involve
tree-level diagrams with a single insertion of L6 (L = 0, N4 = 0, N6 = 1, Nd>6 = 0),
one-loop graphs with one insertion of L4 (L = 1, N4 = 1, Nd>4 = 0) and two-loop
contributions from L2 (L = 2, Nd>2 = 0).
The ultraviolet loop divergences need to be renormalized. This can be done order
by order in the momentum expansion, thanks to Weinberg’s power-counting. Adopt-
ing a regularization that preserves the symmetries of the Lagrangian, such as dimen-
sional regularization, the divergences generated by the loops have a symmetric local
structure and the needed counter-terms necessarily correspond to operators that are
already included in the effective Lagrangian, because Leff(U) contains by construction
all terms permitted by the symmetry. Therefore, the loop divergences can be reab-
sorbed through a renormalization of the corresponding LECs, appearing at the same
order in momentum.
In the usually adopted χPT renormalization scheme [92], one has at O(p4)
Li = L
r
i (µ) + Γi∆ , ℓi = ℓ
r
i (µ) + γi∆ , (44)
where
∆ =
µD−4
32π2
{
2
D − 4 − log (4π) + γE − 1
}
, (45)
withD the space-time dimension. Notice that the subtraction constant differs from the
MS one by a factor −1. The explicit calculation of the one-loop generating functional
gives in the nf = 3 theory [93]
Γ1 =
3
32
, Γ2 =
3
16
, Γ3 = 0 , (46)
while for nf = 2 one finds [92]
γ1 =
1
3
, γ2 =
2
3
. (47)
The renormalized couplings Lri (µ) and ℓ
r
i (µ) depend on the arbitrary scale µ of
dimensional regularization. Their logarithmic running is dictated by (44):
Lri (µ2) = L
r
i (µ1) +
Γi
(4π)2
log
(
µ1
µ2
)
, ℓri (µ2) = ℓ
r
i (µ1) +
γi
(4π)2
log
(
µ1
µ2
)
.
(48)
This renormalization-scale dependence cancels exactly with that of the loop amplitude,
in all measurable quantities.
14 Effective Field Theory with Nambu–Goldstone Modes
Fig. 4 Feynman diagrams contributing to πaπb → πcπd at the NLO.
A generic O(p4) amplitude consists of a non-local (non-polynomial) loop contri-
bution, plus a polynomial in momenta that depends on the unknown constants Lri (µ)
or ℓri (µ). Let us consider, for instance, the elastic scattering of two Nambu–Goldstone
particles in the nf = 2 theory:
A(πaπb → πcπd) = A(s, t, u) δab δcd + A(t, s, u) δac δbd +A(u, t, s) δad δbc . (49)
Owing to crossing symmetry, the same analytic function governs the s, t and u chan-
nels, with the obvious permutation of the three Mandelstam variables. At O(p4), we
must consider the one-loop Feynman topologies shown in Fig. 4, with L2 vertices, plus
the tree-level contribution from LSU(2)4 . One obtains the result [92]:
A(s, t, u) =
s
F 2
+
1
F 4
[
2 ℓr1(µ) s
2 + ℓr2(µ) (t
2 + u2)
]
+
1
96π2F 4
{
4
3
s2 +
7
3
(t2 + u2) +
1
2
(s2 − 3t2 − u2) log
(−t
µ2
)
+
1
2
(s2 − t2 − 3u2) log
(−u
µ2
)
− 3 s2 log
(−s
µ2
)}
, (50)
which also includes the leading O(p2) contribution. Using (48), it is straightforward
to check that the scattering amplitude is independent of the renormalization scale µ,
as it should.
The non-local piece contains the so-called chiral logarithms that are fully predicted
as a function of the LO coupling F . This chiral structure can be easily understood in
terms of dispersion relations. The non-trivial analytic behaviour associated with phys-
ical intermediate states (the absorptive contributions) can be calculated with the LO
Lagrangian L2. Analyticity then allows us to reconstruct the full amplitude, through
a dispersive integral, up to a subtraction polynomial. The effective theory satisfies
unitarity and analyticity, therefore, it generates perturbatively the correct dispersion
integrals and organises the subtraction polynomials in a derivative expansion. In ad-
dition, the symmetry embodied in the effective Lagrangian implies very strong con-
straints that relate the scattering amplitudes of different processes, i.e., all subtraction
polynomials are determined in terms of the LECs.
5 Chiral perturbation theory
So far, we have been discussing an ideal theory of massless Nambu–Goldstone bosons
where the symmetry is exact. However, the physical pions have non-zero masses be-
cause chiral symmetry is broken explicitly by the quark masses. Moreover, the pion
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dynamics is sensitive to the electroweak interactions that also break chiral symmetry.
In order to incorporate all these sources of explicit symmetry breaking, it is useful to
introduce external classical fields coupled to the quark currents.
Let us consider an extended QCD Lagrangian, with the quark currents coupled to
external Hermitian matrix-valued fields vµ, aµ, s, p :
LQCD = L0QCD + q¯γµ(vµ + γ5aµ)q − q¯(s− iγ5p)q , (51)
where L0QCD is the massless QCD Lagrangian (17). The external fields can be used to
parametrize the different breakings of chiral symmetry through the identifications
rµ ≡ vµ + aµ = −eQAµ ,
ℓµ ≡ vµ − aµ = −eQAµ − e√
2 sin θW
(W †µT+ + h.c.) ,
s =M ,
p = 0 , (52)
with Q and M the quark charge and mass matrices (nf = 3), respectively,
Q = 1
3
diag(2,−1,−1) , M = diag(mu, md, ms) . (53)
The vµ field contains the electromagnetic interactions, while the scalar source s ac-
counts for the quark masses. The charged-current couplings of the W± bosons, which
govern semileptonic weak transitions, are incorporated into ℓµ, with the 3× 3 matrix
T+ =
0 Vud Vus0 0 0
0 0 0
 (54)
carrying the relevant quark mixing factors. One could also add the Z couplings into vµ
and aµ, and the Higgs Yukawa interaction into s. More exotic quark couplings to other
vector, axial, scalar or pseudoscalar fields, outside the Standard Model framework,
could also be easily included in a similar way.
The Lagrangian (51) is invariant under local SU(3)L ⊗ SU(3)R transformations,
provided the external fields are enforced to transform in the following way:
qL −→ gL qL , qR −→ gR qR , s+ ip −→ gR (s+ ip) g†L ,
ℓµ −→ gL ℓµ g†L + igL∂µg†L , rµ −→ gR rµ g†R + igR∂µg†R . (55)
This formal symmetry can be used to build a generalised effective Lagrangian, in the
presence of external sources. In order to respect the local invariance, the gauge fields
vµ and aµ can only appear through the covariant derivatives
DµU = ∂µU − irµU + iUℓµ , DµU † = ∂µU † + iU †rµ − iℓµU †, (56)
and through the field strength tensors
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FµνL = ∂
µℓν − ∂νℓµ − i [ℓµ, ℓν ] , FµνR = ∂µrν − ∂νrµ − i [rµ, rν ]. (57)
At LO in derivatives and number of external fields, the most general effective
Lagrangian consistent with Lorentz invariance and the local chiral symmetry (55)
takes the form [93]:
L2 = F
2
4
〈DµU †DµU + U †χ + χ†U〉 , (58)
with
χ = 2B0 (s+ ip) . (59)
The first term is just the universal LO Nambu–Goldstone interaction, but now with co-
variant derivatives that include the external vector and axial-vector sources. The scalar
and pseudoscalar fields, incorporated into χ, give rise to a second invariant structure
with a coupling B0, which, like F , cannot be fixed with symmetry requirements alone.
Once the external fields are frozen to the particular values in (52), the symmetry
is of course explicitly broken. However, the choice of a special direction in the flavour
space breaks chiral symmetry in the effective Lagrangian (58), in exactly the same way
as it does in the fundamental short-distance Lagrangian (51). Therefore, (58) provides
the correct low-energy realization of QCD, including its symmetry breakings.
The external fields provide, in addition, a powerful tool to compute the effective
realization of the chiral Noether currents. The Green functions of quark currents are
obtained as functional derivatives of the generating functional Z[v, a, s, p], defined via
the path-integral formula
exp {iZ} =
∫
DqDq¯DGµ exp
{
i
∫
d4xLQCD
}
=
∫
DU exp
{
i
∫
d4xLeff
}
.
(60)
This formal identity provides a link between the fundamental and effective theories.
At lowest order in momenta, the generating functional reduces to the classical action
S2 =
∫
d4xL2. Therefore, the low-energy realization of the QCD currents can be easily
computed by taking the appropriate derivatives with respect to the external fields:
JµL = q¯Lγ
µqL
.
=
δS2
δℓµ
=
i
2
F 2DµU
†U =
F√
2
DµΦ− i
2
(
Φ
↔
Dµ Φ
)
+O(Φ3/F ) ,
JµR = q¯Rγ
µqR
.
=
δS2
δrµ
=
i
2
F 2DµUU
† = − F√
2
DµΦ− i
2
(
Φ
↔
Dµ Φ
)
+O(Φ3/F ) .
(61)
Thus, at O(p2), the fundamental chiral coupling F equals the pion decay constant,
F = Fπ = 92.2 MeV, defined as
〈0|(JµA)12|π+〉 ≡ i
√
2Fπ p
µ . (62)
Taking derivatives with respect to the external scalar and pseudoscalar sources,
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q¯jLq
i
R
.
= − δS2
δ(s− ip)ji = −
F 2
2
B0 U(~φ )ij ,
q¯jRq
i
L
.
= − δS2
δ(s+ ip)ji
= −F
2
2
B0 U
†(~φ )ij , (63)
we also find that the coupling B0 is related to the quark vacuum condensate:
〈0|q¯jqi|0〉 = −F 2B0 δij . (64)
The Nambu–Goldstone bosons, parametrized by the matrix U(~φ ), represent indeed
the zero-energy excitations over this vacuum condensate that triggers the dynamical
breaking of chiral symmetry.
5.1 Pseudoscalar meson masses at lowest order
With s = M and p = 0, the non-derivative piece of the Lagrangian (58) generates a
quadratic mass term for the pseudoscalar bosons, plus Φ2n interactions proportional
to the quark masses. Dropping an irrelevant constant, one gets:
F 2
4
2B0 〈M(U + U †)〉 = B0
{
−〈MΦ2〉+ 1
6F 2
〈MΦ4〉+O
(
Φ6
F 4
)}
. (65)
The explicit evaluation of the trace in the quadratic term provides the relation between
the masses of the physical mesons and the quark masses:
M2π± = 2mˆB0 , M
2
π0 = 2mˆB0 − ε+O(ε2) ,
M2K± = (mu +ms)B0 , M
2
K0 = (md +ms)B0 ,
M2η8 =
2
3
(mˆ+ 2ms)B0 + ε+O(ε2) , (66)
with4
mˆ =
1
2
(mu +md) , ε =
B0
4
(mu −md)2
(ms − mˆ) . (67)
Owing to chiral symmetry, the meson masses squared are proportional to a single
power of the quark masses, the proportionality constant being related to the vacuum
quark condensate [97]:
F 2πM
2
π± = −mˆ 〈0|u¯u+ d¯d|0〉 . (68)
Taking out the common proportionality factor B0, the relations (66) imply the old
Current-Algebra mass ratios [97, 209],
M2π±
2mˆ
=
M2K+
mu +ms
=
M2K0
md +ms
≈ 3M
2
η8
2mˆ+ 4ms
, (69)
4 The O(ε) corrections to M2pi0 and M2η8 originate from a small mixing term between the φ3 and
φ8 fields: −B0〈MΦ2〉 −→ −(B0/
√
3) (mu −md)φ3φ8 . The diagonalization of the quadratic φ3,
φ8 mass matrix, gives the mass eigenstates, π
0 = cos δ φ3 + sin δ φ8 and η8 = − sin δ φ3 + cos δ φ8,
where tan (2δ) =
√
3(md −mu)/ (2(ms − mˆ)) .
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and, up to O(mu −md) corrections, the Gell-Mann–Okubo [95, 155] mass relation,
3M2η8 = 4M
2
K −M2π . (70)
Chiral symmetry alone cannot fix the absolute values of the quark masses, be-
cause they are short-distance parameters that depend on QCD renormalization con-
ventions. The renormalization scale and scheme dependence cancels out in the prod-
ucts mq q¯q ∼ mqB0, which are the relevant combinations governing the pseudoscalar
masses. Nevertheless, χPT provides information about quark mass ratios, where the
dependence on B0 drops out (QCD is flavour blind). Neglecting the tiny O(ε) correc-
tions, one gets the relations
md −mu
md +mu
=
(M2K0 −M2K+)− (M2π0 −M2π+)
M2π0
= 0.29 , (71)
ms − mˆ
2mˆ
=
M2K0 −M2π0
M2π0
= 12.6 . (72)
In the first equation, we have subtracted the electromagnetic pion mass-squared dif-
ference to account for the virtual photon contribution to the meson self-energies. In
the chiral limit (mu = md = ms = 0), this correction is proportional to the square
of the meson charge and it is the same for K+ and π+.5 The mass formulae (71) and
(72) imply the quark mass ratios advocated by Weinberg [209]:
mu : md : ms = 0.55 : 1 : 20.3 . (73)
Quark mass corrections are therefore dominated by the strange quark mass ms, which
is much larger than mu and md. The light-quark mass difference md−mu is not small
compared with the individual up and down quark masses. In spite of that, isospin
turns out to be a very good symmetry, because isospin-breaking effects are governed
by the small ratio (md −mu)/ms.
The Φ4 interactions in eqn (65) introduce mass corrections to the ππ scattering
amplitude (38),
T (π+π0 → π+π0) = t−M
2
π
F 2
, (74)
showing that it vanishes at t =M2π [207]. This result is now an absolute prediction of
chiral symmetry, because the scale F = Fπ has been already fixed from pion decay.
The LO chiral Lagrangian (58) encodes in a very compact way all the Current-
Algebra results, obtained in the sixties [5,67]. These successful phenomenological pre-
dictions corroborate the pattern of χSB in (30) and the explicit breaking incorporated
by the QCD quark masses. Besides its elegant simplicity, the EFT formalism provides
a powerful technique to estimate higher-order corrections in a systematic way.
5This result, known as Dashen’s theorem [66], can be easily proved using the external sources ℓµ
and rµ in (52), with formal electromagnetic charge matricesQL and QR, respectively, transforming as
QX → gXQXg†X . A quark (meson) electromagnetic self-energy involves a virtual photon propagator
between two interaction vertices. Since there are no external photons left, the LO chiral-invariant
operator with this structure is e2 〈QRUQLU†〉 = −2e2 (π+π− +K+K−)/F 2 +O(φ4/F 4).
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5.2 Higher-order corrections
In order to organise the chiral expansion, we must first establish a well-defined power
counting for the external sources. Since p2φ = M
2
φ, the physical pseudoscalar masses
scale in the same way as the external on-shell momenta. This implies that the field
combination χ must be counted as O(p2), because B0mq ∝ M2φ. The left and right
sources, ℓµ and rµ, are part of the covariant derivatives (56) and, therefore, are of
O(p). Finally, the field strength tensors (57) are obviously O(p2) structures. Thus:
U(~φ ) ∼ O(p0) ; Dµ , ℓµ , rµ ∼ O(p1) ; FµνL , FµνR , χ ∼ O(p2) . (75)
The full LO Lagrangian (58) is then of O(p2) and, moreover, Weinberg’s power count-
ing (43) remains valid in the presence of all these symmetry-breaking effects.
At O(p4), the most general Lagrangian, invariant under Lorentz symmetry, parity,
charge conjugation and the local chiral transformations (55), is given by [93]
L4 = L1 〈DµU †DµU〉2 + L2 〈DµU †DνU〉 〈DµU †DνU〉+ L3 〈DµU †DµUDνU †DνU〉
+ L4 〈DµU †DµU〉 〈U †χ+ χ†U〉+ L5 〈DµU †DµU
(
U †χ+ χ†U
)〉
+ L6 〈U †χ+ χ†U〉2 + L7 〈U †χ− χ†U〉2 + L8 〈χ†Uχ†U + U †χU †χ〉
− iL9 〈FµνR DµUDνU † + FµνL DµU †DνU〉+ L10 〈U †FµνR UFLµν〉
+ H1 〈FRµνFµνR + FLµνFµνL 〉+H2 〈χ†χ〉 . (76)
The first three terms correspond to the nf = 3 Lagrangian (39), changing the normal
derivatives by covariant ones. The second line contains operators with two covariant
derivatives and one insertion of χ, while the operators in the third line involve two
powers of χ and no derivatives. The fourth line includes operators with field strength
tensors. The last structures proportional to H1 and H2 are just needed for renormal-
ization purposes; they only contain external sources and, therefore, do not have any
impact on the pseudoscalar meson dynamics.
Thus, at O(p4), the low-energy behaviour of the QCD Green functions is deter-
mined by ten chiral couplings Li. They renormalize the one-loop divergences, as in-
dicated in (44), and their logarithmic dependence with the renormalization scale is
given by eqn (48) with [93]
Γ1 =
3
32
, Γ2 =
3
16
, Γ3 = 0 , Γ4 =
1
8
, Γ5 =
3
8
, Γ6 =
11
144
,
Γ7 = 0 , Γ8 =
5
48
, Γ9 =
1
4
, Γ10 = −1
4
, Γ˜1 = −1
8
, Γ˜2 =
5
24
, (77)
where Γ˜1 and Γ˜2 are the corresponding quantities for the two unphysical couplings H1
and H2.
The structure of the O(p6) χPT Lagrangian has been also thoroughly analysed. It
contains 90 + 4 independent chiral structures of even intrinsic parity (without Levi-
Civita pseudotensors) [35], the last four containing external sources only, and 23 op-
erators of odd intrinsic parity [40, 77]:6
6The nf = 2 theory contains 7 + 3 independent operators at O(p4) [92], while at O(p6) it has
52 + 4 structures of even parity [35, 111] plus 5 odd-parity terms (13 if a singlet vector source is
included) [40, 77].
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L6 =
94∑
i=1
Ci O
p6
i +
23∑
i=1
C˜i O˜
p6
i . (78)
The complete renormalization of the χPT generating functional has been already ac-
complished at the two-loop level [36], which determines the renormalization group
equations for the renormalized O(p6) LECs.
χPT is an expansion in powers of momenta over some typical hadronic scale Λχ,
associated with the χSB, which can be expected to be of the order of the (light-quark)
resonance masses. The variation of the loop amplitudes under a rescaling of µ, by say
e, provides a natural order-of-magnitude estimate of the χSB scale: Λχ ∼ 4πFπ ∼
1.2GeV [144, 211].
At O(p2), the χPT Lagrangian is able to describe all QCD Green functions with
only two parameters, F and B0, a quite remarkable achievement. However, with
p <∼ MK (Mπ), we expect O(p4) contributions to the LO amplitudes at the level of
p2/Λ2χ
<∼ 20% (2%). In order to increase the accuracy of the χPT predictions beyond
this level, the inclusion of NLO corrections is mandatory, which introduces ten addi-
tional unknown LECs. Many more free parameters (90 + 23) are needed to account
for O(p6) contributions. Thus, increasing the precision reduces the predictive power
of the effective theory.
The LECs parametrize our ignorance about the details of the underlying QCD dy-
namics. They are, in principle, calculable functions of ΛQCD and the heavy-quark
masses, which can be analysed with lattice simulations. However, at present, our
main source of information about these couplings is still low-energy phenomenology.
At O(p4), the elastic ππ and πK scattering amplitudes are sensitive to L1,2,3. The
two-derivative couplings L4,5 generate mass corrections to the meson decay constants
(and mass-dependent wave-function renormalizations), while the pseudoscalar meson
masses get modified by the non-derivative terms L6,7,8. L9 is mainly responsible for the
charged-meson electromagnetic radius and L10 only contributes to amplitudes with at
least two external vector or axial-vector fields, like the radiative semileptonic decay
π → eνγ.
Table 1 summarises our current knowledge on the O(p4) constants Li. The quoted
numbers correspond to the renormalized couplings, at a scale µ = Mρ. The second
column shows the LECs extracted from O(p4) phenomenological analyses [38], without
any estimate of the uncertainties induced by the missing higher-order contributions.
In order to assess the possible impact of these corrections, the third column shows the
results obtained from a global O(p6) fit [38], which incorporates some theoretical priors
(prejudices) on the unknownO(p6) LECs. In view of the large number of uncontrollable
parameters, the O(p6) numbers should be taken with caution, but they can give a
good idea of the potential uncertainties. The O(p6) determination of Lr10(Mρ) has
been directly extracted from hadronic τ decay data [106]. For comparison, the fourth
column shows the results of lattice simulations with 2 + 1 + 1 dynamical fermions by
the HPQCD colaboration [76]. Similar results with 2+ 1 fermions have been obtained
by the MILC collaboration [27], although the quoted errors are larger. An analogous
compilation of LECs for the nf = 2 theory can be found in Refs. [17, 38].
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Table 1 Phenomenological determinations of the renormalized couplings Lri (Mρ) from
O(p4) and O(p6) χPT analyses, and from lattice simulations (fourth column). The last
two columns show the RχT predictions of Section 8, without (column 5) and with (column
6) short-distance information. Values labeled with † have been used as inputs.
Lri (Mρ)× 103
i O(p4) [38] O(p6) [38] Lattice [76] RχT [80] RχTSD [79, 168]
1 1.0± 0.1 0.53± 0.06 0.6 0.9
2 1.6± 0.2 0.81± 0.04 1.2 1.8
3 −3.8± 0.3 −3.07± 0.20 −2.8 −4.8
4 0.0± 0.3 0.3 (fixed) 0.09± 0.34 0.0 0.0
5 1.2± 0.1 1.01± 0.06 1.19± 0.25 1.2† 1.1
6 0.0± 0.4 0.14± 0.05 0.16± 0.20 0.0 0.0
7 −0.3± 0.2 −0.34± 0.09 −0.3 −0.3
8 0.5± 0.2 0.47± 0.10 0.55± 0.15 0.5† 0.4
9 6.9± 0.7 5.9± 0.4 6.9† 7.1
10 −5.2± 0.1 −4.1± 0.4 −5.8 −5.3
The values quoted in the table are in good agreement with the expected size of the
couplings Li in terms of the scale of χSB:
Li ∼ F
2
π/4
Λ2χ
∼ 1
4(4π)2
∼ 2× 10−3. (79)
We have just taken as reference values the normalization of L2 and Λχ ∼ 4πFπ.
Thus, all O(p4) couplings have the right order of magnitude, which implies a good
convergence of the momentum expansion below the resonance region, i.e., for p < Mρ.
The table displays, however, a clear dynamical hierarchy with some couplings being
large while others seem compatible with zero.
χPT allows us to make a good book-keeping of phenomenological information in
terms of some LECs. Once these couplings have been fixed, we can predict other
quantities. In addition, the information contained in Table 1 is very useful to test
QCD-inspired models or non-perturbative approaches. Given any particular theoret-
ical framework aiming to correctly describe QCD at low energies, we no longer need
to make an extensive phenomenological analysis to test its reliability; it suffices to
calculate the predicted LECs and compare them with their phenomenological values
in Table 1. For instance, the linear sigma model discussed in Section 1 has the right
chiral symmetry and, therefore, leads to the universal Nambu–Goldstone Lagrangian
(36) at LO. However, its dynamical content fails to reproduce the data at NLO be-
cause, as shown in eqn (12), it only generates a single O(p4) LEC, L1, in complete
disagreement with the pattern displayed by the table.
6 QCD phenomenology at very low energies
Current χPT analyses have reached an O(p6) precision. This means that the most
relevant observables are already known at the two-loop level. Thus, at O(p6), the
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Fig. 5 Feynman diagrams contributing to the meson decay constants at the NLO.
leading double logarithmic corrections are fully known in terms of F and the meson
masses, while single chiral logarithms involve the Lri (µ) couplings through one loop
corrections with one insertion of L4. The main pending problem is the large number of
unknown LECs, Cri (µ) and C˜
r
i (µ), from tree-level contributions with one L6 insertion.
To maximise the available information, one makes use of lattice simulations (with
χPT relations implemented into the lattice analyses), unitarity constraints, crossing
and analyticity, mainly in the form of dispersion relations. The limit of an infinite
number of QCD colours turns also to be a very useful tool to estimate the unknown
LECs.
An exhaustive description of the chiral phenomenology is beyond the scope of
these lectures. Instead, I will just present a few examples at O(p4) to illustrate both
the power and limitations of χPT.
6.1 Meson decay constants
The low-energy expansion of the pseudoscalar-meson decay constants in powers of
the light quark masses is known to next-to-next-to-leading order (NNLO) [14]. We
only show here the NLO results [93], which originate from the Feynman topologies
displayed in Fig. 5. The red square indicates an insertion of the axial current, while
the black dot is an L2 vertex. The tree-level diagram involves the NLO expression of
the axial current, which is obtained by taking the derivative of L4 with respect to the
axial source aµ. Obviously, only the L4 and L5 operators in (76) can contribute to
the one-particle matrix elements. The middle topology is a one-loop correction with
the LO axial current, i.e., the Φ3 term in (61). The last diagram is a wave-function
renormalization correction.
In the isospin limit (mu = md = mˆ), the χPT expressions take the form:
Fπ = F
{
1− 2µπ − µK + 4M
2
π
F 2
Lr5(µ) +
8M2K + 4M
2
π
F 2
Lr4(µ)
}
,
FK = F
{
1− 3
4
µπ − 3
2
µK − 3
4
µη8 +
4M2K
F 2
Lr5(µ) +
8M2K + 4M
2
π
F 2
Lr4(µ)
}
,
Fη8 = F
{
1− 3µK +
4M2η8
F 2
Lr5(µ) +
8M2K + 4M
2
π
F 2
Lr4(µ)
}
, (80)
with
µP ≡ M
2
P
32π2F 2
log
(
M2P
µ2
)
. (81)
Making use of (48) and (77), one easily verifies the renormalization-scale independence
of these results.
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The L4 contribution generates a universal shift of all pseudoscalar-meson decay
constants, δF = 8L4B0 〈M〉, which can be eliminated taking ratios. Using the most
recent lattice average [17]
FK/Fπ = 1.193± 0.003 , (82)
one can then determine Lr5(Mρ); this gives the result quoted in Table 1. Moreover, one
gets the absolute prediction
Fη8/Fπ = 1.31± 0.02 . (83)
The absolute value of the pion decay constant is usually extracted from the mea-
sured π+ → µ+νµ decay amplitude, taking |Vud| = 0.97417 ± 0.00021 from super-
allowed nuclear β decays [114]. One gets then Fπ = (92.21 ± 0.14) MeV [161]. The
direct extraction from lattice simulations gives Fπ = (92.1 ± 0.6) MeV [17], without
any assumption concerning Vud.
Lattice simulations can be performed at different (unphysical) values of the quark
masses. Approaching the massless limit, one can then be sensitive to the chiral scale
F . In the nf = 2 theory, one finds [17]
Fπ/F = 1.062± 0.007 . (84)
The relation between the fundamental scales of nf = 2 and nf = 3 χPT is easily
obtained from the first equation in (80):
F
SU(2)
= F
SU(3)
{
1− µ¯K + 8M¯
2
K
F 2
Lr4(µ)
}
, (85)
where barred quantities refer to the limit mu = md = 0 [93].
6.2 Electromagnetic form factors
At LO, the pseudoscalar bosons have the minimal electromagnetic coupling that is gen-
erated through the covariant derivative. Higher-order corrections induce a momentum-
dependent form factor, which is already known to NNLO [37, 42]:
〈π+π−|Jµem|0〉 = (p+ − p−)µ FπV (s) , (86)
where Jµem =
2
3 u¯γ
µu− 13 d¯γµd− 13 s¯γµs is the electromagnetic current carried by the
light quarks. The same expression with the K+K− and K0K¯0 final states defines
the analogous kaon form factors FK
+
V (s) and F
K0
V (s), respectively. Current conser-
vation guarantees that FπV (0) = F
K+
V (0) = 1, while F
K0
V (0) = 0. Owing to charge-
conjugation, there is no corresponding form factor for π0 and η.
The topologies contributing at NLO to these form factors are displayed in Fig. 6.
The red box indicates an electromagnetic-current insertion, at NLO in the tree-level
graph and at LO in the one-loop diagrams, while the black dot is an L2 vertex. In the
isospin limit, one finds the result [94]:
FπV (s) = 1 +
2Lr9(µ)
F 2
s − s
96π2F 2
[
A
(
M2π
s
,
M2π
µ2
)
+
1
2
A
(
M2K
s
,
M2K
µ2
)]
, (87)
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Fig. 6 Feynman diagrams contributing to the vector form factor at the NLO.
where
A
(
M2P
s
,
M2P
µ2
)
= log
(
M2P
µ2
)
+
8M2P
s
− 5
3
+ σ3P log
(
σP + 1
σP − 1
)
, (88)
with σP ≡
√
1− 4M2P /s.
The kaon electromagnetic form factors can also be expressed in terms of the same
loop functions:
FK
0
V (s) =
s
192π2F 2
[
A
(
M2π
s
,
M2π
µ2
)
− A
(
M2K
s
,
M2K
µ2
)]
,
FK
+
V (s) = F
π
V (s) + F
K0
V (s) . (89)
At O(p4), there is only one local contribution that originates from the L9 operator.
This LEC can then be extracted from the pion electromagnetic radius, defined through
the low-energy expansion
Fφ
+
V (s) = 1 +
1
6
〈r2〉φ+V s+O(s2) , FK
0
V (s) =
1
6
〈r2〉K0V s+O(s2) . (90)
From (87), one easily obtains
〈r2〉π±V =
12Lr9(µ)
F 2
− 1
32π2F 2
{
2 log
(
M2π
µ2
)
+ log
(
M2K
µ2
)
+ 3
}
, (91)
while (89) implies
〈r2〉K0V = −
1
16π2F 2
log
(
MK
Mπ
)
, 〈r2〉K±V = 〈r2〉π
±
V + 〈r2〉K
0
V . (92)
In addition to the L9 contribution, the meson electromagnetic radius 〈r2〉φ
+
V gets loga-
rithmic loop corrections involving meson masses. The dependence on the renormaliza-
tion scale µ cancels exactly between the logarithms and Lr9(µ). The measured electro-
magnetic pion radius, 〈r2〉π±V = (0.439± 0.008) fm2 [13], is used as input to estimate
the coupling L9 in Table 1. The numerical value of this observable is dominated by
the Lr9(µ) contribution, for any reasonable value of µ.
Since neutral bosons do not couple to the photon at tree level, 〈r2〉K0V only gets
a loop contribution, which is moreover finite (there cannot be any divergence be-
cause symmetry forbids the presence of a local operator to renormalize it). The value
predicted at O(p4), 〈r2〉K0V = −(0.04±0.03) fm2, is in good agreement with the exper-
imental determination 〈r2〉K0V = −(0.077± 0.010) fm2 [161]. The measured K+ charge
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radius, 〈r2〉K±V = (0.34 ± 0.05) fm2 [12], has a much larger experimental uncertainty.
Within present errors, it is in agreement with the parameter-free relation in eqn (92).
The loop function (88) contains the non-trivial logarithmic dependence on the mo-
mentum transfer, dictated by unitarity. It generates an absorptive cut above s = 4M2P ,
corresponding to the kinematical configuration where the two intermediate pseu-
doscalars in the middle graph of Fig. 6 are on-shell. According to the Watson the-
orem [206], the phase induced by the ππ logarithm coincides with the phase shift of
the elastic ππ scattering with I = J = 1, which at LO is given by
δ11(s) = θ(s− 4M2π)
s
96πF 2
(
1− 4M2π/s
)3/2
. (93)
6.3 Kℓ3 decays
The semileptonic decays K+ → π0ℓ+νℓ and K0 → π−ℓ+νℓ are governed by the cor-
responding hadronic matrix elements of the strangeness-changing weak left current.
Since the vector and axial components have JP = 1− and 1+, respectively, the axial
piece cannot contribute to these 0− → 0− transitions. The relevant vector hadronic
matrix element contains two possible Lorentz structures:
〈π|s¯γµu|K〉 = CKπ
{
(pK + pπ)
µ
fKπ+ (t) + (pK − pπ)µ fKπ− (t)
}
, (94)
where t ≡ (pK − pπ)2, CK+π0 = −1/
√
2 and CK0π− = −1. At LO, the two form
factors reduce to trivial constants: fKπ+ (t) = 1 and f
Kπ
− (t) = 0. The normalization at
t = 0 is fixed to all orders by the conservation of the vector current, in the limit of
equal quark masses. Owing to the Ademollo–Gatto theorem [2,29], the deviations from
one are of second order in the symmetry-breaking quark mass difference: fK
0π−
+ (0) =
1 +O[(ms −mu)2]. There is however a sizeable correction to fK+π0+ (t), due to π0–η8
mixing, which is proportional to md −mu:
fK
+π0
+ (0) = 1 +
3
4
md −mu
ms − mˆ = 1.017 . (95)
The O(p4) corrections to fKπ+ (0) can be expressed in a parameter-free manner in
terms of the physical meson masses. Including those contributions, one obtains the
more precise values [94]
fK
0π−
+ (0) = 0.977 ,
fK
+π0
+ (0)
fK
0π−
+ (0)
= 1.022 . (96)
From the measured experimental decay rates, one gets a very accurate determina-
tion of the product [16, 147]
|Vus| fK
0π−
+ (0) = 0.2165± 0.0004 . (97)
A theoretical prediction of fK
0π−
+ (0) with a similar accuracy is needed in order to profit
from this information and extract the most precise value of the Cabibbo–Kobayashi–
Maskawa matrix element Vus. The present status is displayed in Fig. 7.
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Fig. 7 Determinations of fK
0pi−
+ (0) from lattice simulations and χPT analyses [17].
Since 1984, the standard value adopted for fK
0π−
+ (0) has been the O(p4) chiral
prediction, corrected with a quark-model estimate of the O(p6) contributions, leading
to fK
0π−
+ (0) = 0.961 ± 0.008 [141]. This is however not good enough to match the
current experimental precision. The two-loop χPT corrections, computed in 2003 [43],
turned out to be larger than expected, increasing the predicted value of fK
0π−
+ (0)
[43, 59, 125, 131]. The estimated errors did not decrease, unfortunately, owing to the
presence of O(p6) LECs that need to be estimated in some way. Lattice simulations
were in the past compatible with the 1984 reference value, but the most recent and
precise determinations [28,54], done with 2+1+1 active flavours, exhibit a clear shift
to higher values, in agreement with the O(p6) χPT expectations. Taking the present
(2 + 1 + 1) lattice average [17]
fK
0π−
+ (0) = 0.9706± 0.0027 , (98)
one gets:
|Vus| = 0.2231± 0.0007 . (99)
6.4 Meson and quark masses
The mass relations (66) get modified by O(p4) contributions that depend on the LECs
L4, L5, L6, L7 and L8. It is possible, however, to obtain one relation between the quark
and meson masses, which does not contain any O(p4) coupling. The dimensionless
ratios
Q1 ≡ M
2
K
M2π
, Q2 ≡
(M2K0 −M2K+)QCD
M2K −M2π
, (100)
get the same O(p4) correction [93]:
Q1 =
ms + mˆ
2mˆ
{1 + ∆M}, Q2 = md −mu
ms − mˆ {1 +∆M}, (101)
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where
∆M = −µπ + µη8 +
8
F 2
(M2K −M2π) [2Lr8(µ)− Lr5(µ)] . (102)
Therefore, at this order, the ratio Q1/Q2 is just given by the corresponding ratio of
quark masses,
Q2 ≡ Q1
Q2
=
m2s − mˆ2
m2d −m2u
. (103)
To a good approximation, (103) can be written as the equation of an ellipse that relates
the quark mass ratios: (
mu
md
)2
+
1
Q2
(
ms
md
)2
= 1 . (104)
The numerical value of Q can be directly extracted from the meson mass ratios
(100), but the resulting uncertainty is dominated by the violations of Dashen’s theorem
at O(e2M), which have been shown to be sizeable. A more precise determination has
been recently obtained from a careful analysis of the η → 3π decay amplitudes, which
leads to Q = 22.0± 0.7 [62].
Obviously, the quark mass ratios (73), obtained at O(p2), satisfy the elliptic con-
straint (104). At O(p4), however, it is not possible to make a separate estimate of
mu/md and ms/md without having additional information on some LECs. The de-
termination of the individual quark mass ratios from eqs. (101) would require to fix
first the constant L8. However, there is no way to find an observable that isolates this
coupling. The reason is an accidental symmetry of the effective Lagrangian L2 + L4,
which remains invariant under the following simultaneous change of the quark mass
matrix and some of the chiral couplings [130]:
M′ = αM+ β (M†)−1 detM , B′0 = B0/α ,
L′6 = L6 − ζ , L′7 = L7 − ζ , L′8 = L8 + 2ζ , (105)
with α and β arbitrary constants, and ζ = βf2/(32αB0). The only information on
the quark mass matrix M that was used to construct the effective Lagrangian was
that it transforms as M→ gRMg†L. The matrix M′ transforms in the same manner;
therefore, symmetry alone does not allow us to distinguish betweenM andM′. Since
only the product B0M appears in the Lagrangian, α merely changes the value of the
constant B0. The term proportional to β is a correction of O(M2); when inserted in
L2, it generates a contribution to L4 that gets reabsorbed by the redefinition of the
three O(p4) couplings. All chiral predictions will be invariant under the transformation
(105); therefore it is not possible to separately determine the values of the quark masses
and the constants B0, L6, L7 and L8. We can only fix those combinations of chiral
couplings and masses that remain invariant under (105).
The ambiguity can be resolved with additional information from outside the pseudo-
scalar meson Lagrangian framework. For instance, by analysing isospin breaking in the
baryon mass spectrum and the ρ–ω mixing, it is possible to fix the ratio [91]
R ≡ ms − mˆ
md −mu = 43.7± 2.7 . (106)
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This ratio can also be extracted from lattice simulations, the current average being
R = 35.6 ± 5.16 [17] (with 2 + 1 + 1 dynamical fermions). Inserting this number in
(103), the two separate quark mass ratios can be obtained. Moreover, one can then
determine L8 from (101).
The quark mass ratios can be directly extracted from lattice simulations [17]:
ms
mˆ
= 27.30± 0.34 , mu
md
= 0.470± 0.056 . (107)
The second ratio includes, however, some phenomenological information, in particular
on electromagnetic corrections. Using only the first ratio and the numerical value of Q
extracted from η → 3π, one would predictmu/md = 0.44±0.03, in excellent agreement
with the lattice determination and with a smaller uncertainty [62].
7 Quantum anomalies
Until now, we have been assuming that the symmetries of the classical Lagrangian
remain valid at the quantum level. However, symmetries with different transformation
properties for the left and right fermion chiralities are usually subject to quantum
anomalies. Although the Lagrangian is invariant under local chiral transformations,
this is no longer true for the associated generating functional because the path-integral
measure transforms non-trivially [89,90]. The anomalies of the fermionic determinant
break chiral symmetry at the quantum level [3, 4, 26, 31].
7.1 The chiral anomaly
Let us consider again the nf = 3 QCD Lagrangian (51), with external sources vµ, aµ,
s and p, and its local chiral symmetry (55). The fermionic determinant can always be
defined with the convention that Z[v, a, s, p] is invariant under vector transformations.
Under an infinitesimal chiral transformation
gL = 1 + i (α− β) + · · · , gR = 1 + i (α+ β) + · · · , (108)
with α = αaT
a and β = βaT
a, the anomalous change of the generating functional is
then given by [26]:
δZ[v, a, s, p] = − NC
16π2
∫
d4x 〈β(x) Ω(x)〉 , (109)
where NC = 3 is the number of QCD colours,
Ω(x) = εµνσρ
[
vµνvσρ +
4
3
∇µaν∇σaρ + 2
3
i {vµν , aσaρ}+ 8
3
i aσvµνaρ +
4
3
aµaνaσaρ
]
(110)
with ε0123 = 1, and
vµν = ∂µvν − ∂νvµ − i [vµ, vν ] , ∇µaν = ∂µaν − i [vµ, aν ] . (111)
Notice that Ω(x) only depends on the external fields vµ and aµ, which have been
assumed to be traceless.7 This anomalous variation of Z is an O(p4) effect in the
7Since 〈σa{σb, σc}〉 = 0, this non-abelian anomaly vanishes in the SU(2)L ⊗ SU(2)R theory.
However, the singlet currents become anomalous when the electromagnetic interaction is included
because the nf = 2 quark charge matrix, Q = diag( 23 ,− 13 ) is not traceless [126].
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chiral counting.
We have imposed chiral symmetry to construct the χPT Lagrangian. Since this
symmetry is explicitly violated by the anomaly at the fundamental QCD level, we
need to add to the effective theory a functional ZA with the property that its change
under a chiral gauge transformation reproduces (109). Such a functional was first
constructed by Wess and Zumino [212], and reformulated in a nice geometrical way
by Witten [216]. It has the explicit form:
S[U, ℓ, r]WZW = − iNC
48π2
∫
d4x εµναβ
{
W (U, ℓ, r)µναβ −W (I3, ℓ, r)µναβ
}
− iNC
240π2
∫
dσijklm
〈
ΣLi Σ
L
j Σ
L
kΣ
L
l Σ
L
m
〉
, (112)
where
W (U, ℓ, r)µναβ = 〈UℓµℓνℓαU †rβ〉+ 1
4
〈UℓµU †rνUℓαU †rβ〉+ i 〈U∂µℓνℓαU †rβ〉
+ i 〈∂µrνUℓαU †rβ〉 − i 〈ΣLµℓνU †rαUℓβ〉+ 〈ΣLµU †∂νrαUℓβ〉 − 〈ΣLµΣLνU †rαUℓβ〉
+ 〈ΣLµℓν∂αℓβ〉+ 〈ΣLµ∂νℓαℓβ〉 − i 〈ΣLµℓνℓαℓβ〉+
1
2
〈ΣLµℓνΣLαℓβ〉 − i 〈ΣLµΣLνΣLαℓβ〉
− (L↔ R) , (113)
ΣLµ = U
†∂µU , ΣRµ = U∂µU
† , (114)
and (L↔ R) stands for the interchanges U ↔ U †, ℓµ ↔ rµ and ΣLµ ↔ ΣRµ . The inte-
gration in the second term of (112) is over a five-dimensional manifold whose boundary
is four-dimensional Minkowski space. The integrand is a surface term; therefore both
the first and the second terms of SWZW are of O(p4), according to the chiral counting
rules.
The effects induced by the anomaly are completely calculable because they have
a short-distance origin. The translation from the fundamental quark-gluon level to
the effective chiral level is unaffected by hadronization problems. In spite of its con-
siderable complexity, the anomalous action (112) has no free parameters. The most
general solution to the anomalous variation (109) of the QCD generating functional is
given by the Wess–Zumino–Witten (WZW) action (112), plus the most general chiral-
invariant Lagrangian that we have been constructing before, order by order in the
chiral expansion.
The anomaly term does not get renormalized. Quantum loops including inser-
tions of the WZW action generate higher-order divergences that obey the standard
Weinberg’s power counting and correspond to chiral-invariant structures. They get
renormalized by the LECs of the corresponding χPT operators.
The anomaly functional gives rise to interactions with a Levi-Civita pseudotensor
that break the intrinsic parity. This type of vertices are absent in the LO and NLO χPT
Lagrangians because chiral symmetry only allows for odd-parity invariant structures
starting at O(p6). Thus, the WZW functional breaks an accidental symmetry of the
O(p2) and O(p4) chiral Lagrangians, giving the leading contributions to processes with
an odd number of pseudoscalars. In particular, the five-dimensional surface term in
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the second line of (112) generates interactions among five or more Nambu–Goldstone
bosons, such as K+K− → π+π−π0.
Taking vµ = −eQAµ in (113), the first line in the WZW action is responsible
for the decays π0 → 2γ and η → 2γ, and the interaction vertices γ3π and γπ+π−η.
Keeping only the terms with a single pseudoscalar and two photon fields:
LWZW =˙ − NCα
24πF
εµνσρ F
µνF σρ
(
π0 +
1√
3
η8
)
. (115)
Therefore, the chiral anomaly makes a very strong non-perturbative prediction for the
π0 decay width,
Γ(π0 → γγ) =
(
NC
3
)2
α2M3π
64π3F 2
= 7.7 eV , (116)
in excellent agreement with the measured experimental value of (7.63±0.16) eV [161].
7.2 The U(1)A anomaly
With nf = 3, the massless QCD Lagrangian has actually a larger U(3)L ⊗ U(3)R
chiral symmetry. One would then expect nine Nambu–Goldstone bosons associated
with the χSB to the diagonal subgroup U(3)V . However, the lightest SU(3)-singlet
pseudoscalar in the hadronic spectrum corresponds to a quite heavy state: the η′(958).
The singlet axial current Jµ5 = q¯γ
µγ5q turns out to be anomalous [3, 4, 31],
∂µJ
µ
5 =
g2snf
32π2
εµνσρGaµνGa,σρ , (117)
which explains the absence of a ninth Nambu–Goldstone boson, but brings very subtle
phenomenological implications. Although the right-hand side of (117) is a total di-
vergence (of a gauge-dependent quantity), the four-dimensional integrals of this term
take non-zero values, which have a topological origin and characterize the non-trivial
structure of the QCD vacuum [30,52,53,120,121,200,201]. It also implies the existence
of an additional term in the QCD Lagrangian that violates P , T and CP :
Lθ = −θ0 g
2
64π2
εµνσρGaµνGa,σρ . (118)
When diagonalizing the quark mass matrix emerging from the Yukawa couplings
of the light quarks, one needs to perform a U(1)A transformation of the quark fields
in order to eliminate the global phase arg(detM). Owing to the axial anomaly, this
transformation generates the Lagrangian Lθ with a θ angle equal to the rotated phase.
The experimental upper bound on the neutron electric dipole moment puts then a very
strong constraint on the effective angle
|θ| ≡ |θ0 + arg(detM)| ≤ 10−9 . (119)
The reasons why this effective angle is so small remain to be understood (strong CP
problem). A detailed discussion of strong CP phenomena within χPT can be found in
Ref. [172].
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The U(1)A anomaly vanishes in the limit of an infinite number of QCD colours with
αsNC fixed, i.e., choosing the coupling constant gs to be of O(1/
√
NC) [198,199,214].
This is a very useful limit because the SU(NC) gauge theory simplifies considerably at
NC → ∞, while keeping many essential properties of QCD. There exist a systematic
expansion in powers of 1/NC , around this limit, which for NC = 3 provides a good
quantitative approximation scheme to the hadronic world [146] (see Section 9).
In the large-NC limit, we can then consider a U(3)L ⊗ U(3)R → U(3)V chiral
symmetry, with nine Nambu–Goldstone excitations that can be conveniently collected
in the 3× 3 unitary matrix
U˜(~φ ) ≡ exp
{
i
√
2
F
Φ˜
}
, Φ˜ ≡ η1√
3
I3 +
~λ√
2
~φ . (120)
Under the chiral group, U˜(~φ ) transforms as U˜ → gR U˜g†L , with gR,L ∈ U(3)R,L. The
LO interactions of the nine pseudoscalar bosons are described by the Lagrangian (58)
with U˜(~φ ) instead of U(~φ ). Notice that the η1 kinetic term in 〈DµU˜ †DµU˜〉 decouples
from the ~φ fields and the η1 particle becomes stable in the chiral limit.
To lowest non-trivial order in 1/NC , the chiral symmetry breaking effect induced
by the U(1)A anomaly can be taken into account in the effective low-energy theory,
through the term [72, 186, 215]
LU(1)A = −
F 2
4
a˜
NC
{
i
2
[
log (det U˜)− log (det U˜ †)
]}2
, (121)
which breaks U(3)L⊗U(3)R but preserves SU(3)L⊗SU(3)R⊗U(1)V . The parameter
a˜ has dimensions of mass squared and, with the factor 1/NC pulled out, is booked to be
of O(1) in the large-NC counting rules. Its value is not fixed by symmetry requirements
alone; it depends crucially on the dynamics of instantons. In the presence of the term
(121), the η1 field becomes massive even in the chiral limit:
M2η1 = 3
a˜
NC
+O(M) . (122)
Owing to the large mass of the η′, the effect of the U(1)A anomaly cannot be
treated as a small perturbation. Rather, one should keep the term (121) together with
the LO Lagrangian (58). It is possible to build a consistent combined expansion in
powers of momenta, quark masses and 1/NC , by counting the relative magnitude of
these parameters as [140]:
M∼ 1/NC ∼ p2 ∼ O(δ) . (123)
A U(3)L⊗U(3)R description [115,116,127] of the pseudoscalar particles, including the
singlet η1 field, allows one to understand many properties of the η and η
′ mesons in a
quite systematic way.
8 Massive fields and low-energy constants
The main limitation of the EFT approach is the proliferation of unknown LECs. At
LO, the symmetry constraints severely restrict the allowed operators, making possible
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to derive many phenomenological implications in terms of a small number of dynam-
ical parameters. However, higher-order terms in the chiral expansion are much more
sensitive to the non-trivial aspects of the underlying QCD dynamics. All LECs are in
principle calculable from QCD, but, unfortunately, we are not able at present to per-
form such a first-principles computation. Although the functional integration over the
quark fields in (60) can be explicitly done, we do not know how to perform analytically
the remaining integral over the gluon field configurations. Numerical simulations in a
discretized space-time lattice offer a promising tool to address the problem, but the
current techniques are still not good enough to achieve a complete matching between
QCD and its low-energy effective theory. On the other side, a perturbative evaluation
of the gluonic contribution would obviously fail in reproducing the correct dynamics
of χSB.
A more phenomenological approach consists in analysing the massive states of the
hadronic QCD spectrum that, owing to confinement, is a dual asymptotic represen-
tation of the quark and gluon degrees of freedom. The QCD resonances encode the
most prominent features of the non-perturbative strong dynamics, and it seems rather
natural to expect that the lowest-mass states, such as the ρ mesons, should have an im-
portant impact on the physics of the pseudoscalar bosons. In particular, the exchange
of those resonances should generate sizeable contributions to the chiral couplings. Be-
low the ρ mass scale, the singularity associated with the pole of a resonance propagator
is replaced by the corresponding momentum expansion:
1
s−M2R
= − 1
M2R
∑
n=0
(
s
M2R
)n
(s≪M2R) . (124)
Therefore, the exchange of virtual resonances generates derivative Nambu–Goldstone
couplings proportional to powers of 1/M2R.
8.1 Resonance chiral theory
A systematic analysis of the role of resonances in the χPT Lagrangian was first per-
formed at O(p4) in Refs. [79, 80], and extended later to the O(p6) LECS [60]. One
writes a general chiral-invariant Lagrangian L(U, V, A, S, P ), describing the couplings
of meson resonances of the type V (1−−), A(1++), S(0++) and P (0−+) to the Nambu–
Goldstone bosons, at LO in derivatives. The coupling constants of this Lagrangian are
phenomenologically extracted from physics at the resonance mass scale. One has then
an effective chiral theory defined in the intermediate energy region, with the generating
functional (60) given by the path-integral formula
exp {iZ} =
∫
DU DV DADSDP exp
{
i
∫
d4x L(U, V, A, S, P )
}
. (125)
This resonance chiral theory (RχT) constitutes an interpolating representation be-
tween the short-distance QCD description and the low-energy χPT framework, which
can be schematically visualized through the chain of effective field theories displayed in
Fig. 8. The functional integration of the heavy fields leads to a low-energy theory with
only Nambu–Goldstone bosons. At LO, this integration can be explicitly performed
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Energy Scale Fields Effective Theory
mt
t, b, c
s, d, u ; Ga
QCDnf=6
<∼ mc s, d, u ; Ga QCDnf=3
Λχ
V,A, S, P
π,K, η
RχT
∼MK π,K, η χPTnf=3
∼Mπ π χPTnf=2
Fig. 8 Chain of effective field theories, from mt to the pion mass scale.
through a perturbative expansion around the classical solution for the resonance fields.
Expanding the resulting non-local action in powers of momenta, one gets then the lo-
cal χPT Lagrangian with its LECs predicted in terms of the couplings and masses of
the RχT.
The massive states of the hadronic spectrum have definite transformation prop-
erties under the vacuum symmetry group H ≡ SU(3)V . In order to couple them to
the Nambu–Goldstone modes, in a chiral-invariant way, we can take advantage of the
compensating transformation h(~φ, g), in eqn (31), which appears under the action of
G on the canonical coset representative ξR(
~φ ) = ξ†L(~φ ) ≡ u(~φ ):
u(~φ )
G−→ gR u(~φ ) h†(~φ, g) = h(~φ, g) u(~φ ) g†L . (126)
A chiral transformation of the quark fields (gL, gR) ∈ G induces a corresponding
transformation h(~φ, g) ∈ H, acting on the hadronic states.
In practice, we shall only be interested in resonances transforming as octets or
singlets under SU(3)V . Denoting the resonance multiplets generically by R8 = ~λ~R/
√
2
(octet) and R1 (singlet), the non-linear realization of G is given by
R8
G−→ h(~φ, g) R8 h†(~φ, g) , R1 G−→ R1 . (127)
Since the action of G on the octet field R8 is local, we must define a covariant derivative
∇µR8 = ∂µR8 + [Γµ, R8] , (128)
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with the connection
Γµ =
1
2
{
u†(∂µ − irµ)u+ u(∂µ − iℓµ)u†
}
(129)
ensuring the proper transformation
∇µR8 G−→ h(~φ, g) ∇µR8 h†(~φ, g) . (130)
It is useful to define the covariant quantities
uµ ≡ i u†(DµU)u† = u†µ , χ± ≡ u†χu† ± uχ†u , fµν± = uFµνL u† ± u†FµνR u ,
(131)
which transform as SU(3)V octets: X
G−→ h(~φ, g)X h†(~φ, g). Remembering that U =
u2, it is a simple exercise to rewrite all χPT operators in terms of these variables.
For instance, 〈DµU †DµU〉 = 〈uµuµ〉 and 〈U †χ+ χ†U〉 = 〈χ+〉. The advantage of the
quantities (131) is that they can be easily combined with the resonance fields to build
chiral-invariant structures.
In the large-NC limit, the octet and singlet resonances become degenerate in the
chiral limit. We can then collect them in a nonet multiplet
R ≡ R8 + 1√
3
R0 I3 =
1√
2
~λ ~R+
1√
3
R0 I3 , (132)
with a common mass MR. To determine the resonance-exchange contributions to the
O(p4) χPT Lagrangian, we only need the LO couplings to the Nambu–Goldstone
modes that are linear in the resonance fields. The relevant resonance Lagrangian can
be written as [80, 168]
LRχT =˙
∑
R
LR . (133)
The spin-0 pieces take the form (R = S, P )
LR = 1
2
〈∇µR∇µR−M2RR2〉+ 〈RχR〉 . (134)
Imposing P and C invariance, the corresponding resonance interactions are governed
by the O(p2) chiral structures
χS = cd uµu
µ + cm χ+ , χP = dm χ− . (135)
At low energies, the solutions of the resonance equations of motion,
(∇2 +M2R)R = χR , (136)
can be expanded in terms of the local chiral operators that only contain light fields:
R =
1
M2R
χR + O
(
p4
M4R
)
. (137)
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Substituting these expressions back into LR, in eqn (134), one obtains the correspond-
ing LO contributions to the O(p4) χPT Lagrangian:
∆LR4 =
∑
R=S,P
1
2M2R
〈χRχR〉 , (138)
Rewriting this result in the standard basis of χPT operators in eqn (76), one finally
gets the spin-0 resonance-exchange contributions to the O(p4) LECs [80, 168]:
LS3 =
c2d
2M2S
, LS5 =
cdcm
M2S
, LS+P8 =
c2m
2M2S
− d
2
m
2M2P
. (139)
Thus, scalar exchange contributes to L3, L5 and L8, while the exchange of pseudoscalar
resonances only shows up in L8.
We must also take into account the presence of the η1 state, which is the lightest
pseudoscalar resonance in the hadronic spectrum. Owing to the U(1)A anomaly, this
singlet state has a much larger mass than the octet of Nambu–Goldstone bosons, and
it is integrated out together with the other massive resonances. Its LO coupling can
be easily extracted from the U(3)L⊗U(3)R chiral Lagrangian, which incorporates the
matrix U˜(~φ ) that collects the pseudoscalar nonet:
LU(3)2 =˙
F 2
4
〈U˜ †χ+ χ†U˜〉 −→ −i F√
24
η1 〈χ−〉 . (140)
The exchange of an η1 meson generates then the χPT operator 〈χ−〉2, with a coupling8
L
η1
7 = −
F 2
48M2η1
. (141)
For technical reasons, the vector and axial-vector mesons are more conveniently
described in terms of antisymmetric tensor fields Vµν and Aµν [80, 92], respectively,
instead of the more familiar Proca field formalism.9 Their corresponding Lagrangians
read (R = V,A)
LR = −1
2
〈∇λRλµ∇νRνµ − M
2
R
2
RµνR
µν〉 + 〈RµνχµνR 〉 , (142)
with the O(p2) chiral structures
χµνV =
FV
2
√
2
fµν+ +
iGV√
2
uµuν , χµνA =
FA
2
√
2
fµν− . (143)
8As displayed in eqn (139), the exchange of a complete nonet of pseudoscalars does not contribute
to L7. The singlet and octet contributions exactly cancel at large NC .
9The antisymmetric formulation of spin-1 fields avoids mixings with the Nambu–Goldstone modes
and has better ultraviolet properties. The two descriptions are related by a change of variables in
the corresponding path integral [41,128] and give the same physical predictions, once a proper short-
distance behaviour is required [79, 175].
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Fig. 9 Contributions to the χPT LECs from V and A resonance exchange. The cross denotes
the insertion of an external vector or axial-vector current.
Proceeding in the same way as with the spin-0 resonances, one easily gets the vector
and axial-vector contributions to the O(p4) χPT LECS [80]:
LV1 =
G2V
8M2V
, LV2 = 2L
V
1 , L
V
3 = −6LV1 ,
LV9 =
FVGV
2M2V
, LV+A10 = −
F 2V
4M2V
+
F 2A
4M2A
. (144)
The dynamical origin of these results is graphically displayed in Fig. 9. Therefore,
vector-meson exchange generates contributions to L1, L2, L3, L9 and L10 [75, 80],
while A exchange only contributes to L10 [80].
The estimated resonance-exchange contributions to the χPT LECS bring a dynam-
ical understanding of the phenomenological values of these constants shown in Table 1.
The couplings L4 and L6, which do not receive any resonance contribution, are much
smaller than the other O(p4) LECs, and consistent with zero. L1 is correctly predicted
to be positive and the relation L2 = 2L1 is approximately well satisfied. L7 is negative,
as predicted in (141). The absolute magnitude of this parameter can be estimated from
the quark-mass expansion of M2η and M
2
η′ , which fixes Mη1 = 804 MeV [80]. Taking
F ≈ Fπ = 92.2 MeV, one predicts L7 = −0.3 · 10−3 in perfect agreement with the
value given in Table 1.
To fix the vector-meson parameters, we will takeMV =Mρ = 775 MeV and |FV | =
154 MeV, from Γ(ρ0 → e+e−). The electromagnetic pion radius determines FVGV > 0,
correctly predicting a positive value for L9. From this observable one gets |GV | = 53
MeV, but this is equivalent to fit L9. A similar value |GV | ∼ 69 MeV, but with a much
larger uncertainty, can be extracted from Γ(ρ0 → 2π) [80]. The axial parameters can
be determined using the old Weinberg sum rules [208]: F 2A = F
2
V − F 2π = (123MeV)2
and M2A =M
2
V F
2
V /F
2
A = (968MeV)
2 (see the next subsection).
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The resulting numerical values of the Li couplings [80] are summarized in the fifth
column of Table 1. Their comparison with the phenomenologically determined values of
Lri (Mρ) clearly establish a chiral version of vector (and axial-vector) meson dominance:
whenever they can contribute at all, V and A exchange seem to completely dominate
the relevant coupling constants. Since the information on the scalar sector is quite poor,
the values of L5 and L8 have actually been used to determine cd/MS and cm/MS
(neglecting completely the contribution to L8 from the much heavier pseudoscalar
nonet). Therefore, these results cannot be considered as evidence for scalar dominance,
although they provide a quite convincing demonstration of its consistency.
8.2 Short-Distance Constraints
Since the RχT is an effective interpolation between QCD and χPT, the short-distance
properties of the underlying QCD dynamics provide useful constraints on its parame-
ters [79]:
1. Vector Form Factor. At tree-level, the matrix element of the vector current be-
tween two Nambu–Goldstone states, is characterised by the form factor
FV (t) = 1 +
FV GV
F 2
t
M2V − t
. (145)
Since FV (t) should vanish at infinite momentum transfer t, the resonance cou-
plings should satisfy
FV GV = F
2 . (146)
2. Axial Form Factor. The matrix element of the axial current between one Nambu–
Goldstone boson and one photon is parametrized by the axial form factor GA(t).
The resonance Lagrangian (142) implies
GA(t) =
2FV GV − F 2V
M2V
+
F 2A
M2A − t
, (147)
which vanishes at t→∞ provided that
2FV GV = F
2
V . (148)
3. Weinberg Sum Rules. In the chiral limit, the two-point function built from a
left-handed and a right-handed vector quark currents,
2i
∫
d4x eiqx 〈0|T [JµL,12(x)Jν†R,12(0)]|0〉 = (−gµνq2 + qµqν) ΠLR(q2) , (149)
defines the correlator
ΠLR(t) =
F 2
t
+
F 2V
M2V − t
− F
2
A
M2A − t
. (150)
Since gluonic interactions preserve chirality, ΠLR(t) is identically zero in QCD
perturbation theory. At large momenta, its operator product expansion can only
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get non-zero contributions from operators that break chiral symmetry, which have
dimensions d ≥ 6 whenmq = 0. This implies that ΠLR(t) vanishes faster than 1/t2
at t → ∞, [32, 88, 160]. Imposing this condition on (150), one gets the relations
[208]
F 2V − F 2A = F 2 , M2V F 2V −M2AF 2A = 0 . (151)
They imply that FV > FA and MV < MA. Moreover,
F 2V =
F 2M2A
M2A −M2V
, F 2A =
F 2M2V
M2A −M2V
. (152)
4. Scalar Form Factor. The matrix element of the scalar quark current between one
kaon and one pion contains the form factor [123, 124]
FSKπ(t) = 1 +
4 cm
F 2
{
cd + (cm − cd) M
2
K −M2π
M2S
}
t
M2S − t
. (153)
Requiring FSKπ(t) to vanish at t→∞, one gets the constraints
4 cd cm = F
2 , cm = cd . (154)
5. SS − PP Sum Rules. The two-point correlation functions of two scalar or two
pseudoscalar currents would be equal if chirality was absolutely preserved. Their
difference is easily computed in the RχT:
ΠSS−PP (t) = 16B20
{
c2m
M2S − t
− d
2
m
M2P − t
+
F 2
8 t
}
. (155)
For massless quarks, ΠSS−PP (t) vanishes as 1/t2 when t→∞, with a coefficient
proportional to αs 〈q¯Γq q¯Γq〉 [122, 195, 196]. The vacuum four-quark condensate
provides a non-perturbative breaking of chiral symmetry. In the large-NC limit,
it factorizes as αs 〈q¯q〉2 ∼ αsB20 . Imposing this behaviour on (155), one gets [103]
c2m − d2m =
F 2
8
, c2mM
2
S − d2mM2P =
3 παs
4
F 4 . (156)
The relations (146), (148) and (152) determine the vector and axial-vector couplings
in terms of MV and F [79]:
FV = 2GV =
√
2FA =
√
2F , MA =
√
2MV . (157)
The scalar [123, 124] and pseudoscalar parameters are obtained from the analogous
constraints (154) and (156) [168]:
cm = cd =
√
2 dm = F/2 , MP =
√
2MS (1− δ)1/2 . (158)
The last relation involves a small correction δ ≈ 3 παsF 2/M2S ∼ 0.08αs that can be
neglected together with the tiny contributions from the light quark masses.
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Inserting these values into (139) and (144), one obtains quite strong predictions
for the O(p4) LECs in terms of only MV , MS and F :
2L1 = L2 =
1
4
L9 = −1
3
L10 =
F 2
8M2V
,
L3 = − 3F
2
8M2V
+
F 2
8M2S
, L5 =
F 2
4M2S
, L8 =
3F 2
32M2S
. (159)
The last column in Table 1 shows the numerical results obtained withMV = 0.775 GeV,
MS = 1.4 GeV and F = 92.2 MeV. Also shown is the L7 prediction in (141), taking
Mη1 = 0.804 GeV. The excellent agreement with the measured values demonstrates
that the lightest resonance multiplets give indeed the dominant contributions to the
χPT LECs.
9 The limit of a very large number of QCD colours
The phenomenological success of resonance exchange can be better understood in
the NC → ∞ limit of QCD [198, 199, 214]. The NC dependence of the β function
determines that the strong coupling scales as αs ∼ O(1/NC). Moreover, the fact that
there are N2C − 1 ≈ N2C gluons, while quarks only have NC colours, implies that the
gluon dynamics becomes dominant at large values of NC .
The counting of colour factors in Feynman diagrams is most easily done consider-
ing the gluon fields as NC×NC matrices in colour space, (Gµ)αβ = Gaµ (T a)αβ, so that
the colour flow becomes explicit as in q¯α(Gµ)
α
β q
β . This can be represented diagram-
matically with a double-line, indicating the gluon colour-anticolour, as illustrated in
Fig. 10.
αβ
αβ¯
α
β¯
α¯
β
σ
σ¯
Fig. 10 Double-line notation, representing the gluonic colour flow.
Figures 11, 12 and 13 display a selected set of topologies, with their associated
colour factors. The combinatorics of Feynman diagrams at large NC results in simple
counting rules, which characterize the 1/NC expansion:
1. Dominance of planar diagrams with an arbitrary number of gluon exchanges
(Fig. 11), and a single quark loop at the edge in the case of quark correlation
functions (Fig. 13).
2. Non-planar diagrams are suppressed by factors of 1/N2C (last topology in Fig. 11
and third one in Fig. 13).
3. Internal quark loops are suppressed by factors of 1/NC (Fig. 12 and last topology
in Fig. 13).
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√
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√
NC)
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Fig. 11 Large-NC counting of different gluon topologies.
(1/
√
NC)
2 = 1/NC
Fig. 12 NC suppression of quark loops.
The summation of the leading planar diagrams is a very formidable task that we
are still unable to perform. Nevertheless, making the very plausible assumption that
colour confinement persists at NC → ∞, a very successful qualitative picture of the
meson world emerges.
Let us consider a generic n-point function of local quark bilinears J = q¯ Γq:
〈0|T [J1(x1) · · ·Jn(xn)] |0〉 ∼ O(NC) . (160)
A simple diagrammatic analysis shows that, at large NC , the only singularities corre-
spond to one-meson poles [214]. This is illustrated in Fig. 14 with the simplest case
of a two-point function. The dashed vertical line indicates an absorptive cut, i.e., an
on-shell intermediate state. Clearly, being a planar diagram with quarks only at the
edges, the cut can only contain a single qq¯ pair. Moreover, the colour flow clearly
shows that the intermediate on-shell quarks and gluons form a single colour-singlet
state q¯αG
α
σG
σ
βq
β ; no smaller combination of them is separately colour singlet. There-
fore, in a confining theory, the intermediate state is a perturbative approximation to a
single meson. Analysing other diagrammatic configurations, one can easily check that
this is a generic feature of planar topologies. Therefore, at NC → ∞, the two-point
function has the following spectral decomposition in momentum space:
〈0|J1(k) J2(−k)|0〉 =
∑
n
F 2n
k2 −M2n
. (161)
From this expression, one can derive the following interesting implications:
i) Since the left-hand side is of O(NC), Fn = 〈0|J |n〉 ∼ O(
√
NC ) and Mn ∼ O(1).
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⊗ ⊗ ⊗⊗
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⊗ ⊗ ⊗⊗
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√
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⊗ ⊗ ⊗⊗
(1/
√
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6 N3C = 1
Fig. 13 Large-NC counting of quark correlation functions. The crosses indicate the insertion
of a quark current q¯Γq.
⊗ ⊗ ⊗ ⊗
α
α
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σ¯
Fig. 14 Planar 3-gluon correction to a 2-point function. The absorptive cut indicated by the
dashed line corresponds to the colour-singlet configuration q¯αG
α
σ G
σ
β q
β .
ii) There are an infinite number of meson states because, in QCD, the correlation
function 〈0|J1(k) J2(−k)|0〉 behaves logarithmically for large k2 (the sum on the
right-hand side would behave as 1/k2 with a finite number of states).
iii) The one-particle poles in the sum are on the real axis. Therefore, the meson states
are free, stable and non-interacting at NC →∞.
Analysing in a similar way n-point functions, with n > 2, confirms that the only sin-
gularities of the leading planar diagrams, in any kinematical channel, are one-particle
single poles [214]. Therefore, at NC →∞, the corresponding amplitudes are given by
sums of tree-level diagrams with exchanges of free meson propagators, as indicated in
Fig. 15 for the 3-point and 4-point correlators. There may be simultaneous poles in
several kinematical variables p21, p
2
2, . . . p
2
n. For instance, the 3-point function contains
contributions with single-poles in three variables, plus topologies with two simultane-
ous poles. The coefficients of these pole contributions should be non-singular functions
of momenta; i.e., polynomials that can be interpreted as local interaction vertices.
Thus, the 3-pole terms contain an interaction vertex among three mesons, while the 2-
pole diagrams include a current coupled to two mesons. Similarly, the 4-point function
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Fig. 15 Three-point and four-point correlation functions at large NC .
contains topologies with four (five) simultaneous single-poles and interaction vertices
among four (three) mesons, plus 3-pole contributions with some currents coupled to
two or three mesons.
Since these correlation functions are of O(NC), the local interaction vertices among
3 and 4 mesons, shown in the figure, scale as V3 ∼ O(N−1/2C ) and V4 ∼ O(N−1C ),
respectively. Moreover, the 2-meson current matrix element behaves as 〈0|J |M1M2〉 ∼
O(1), while 〈0|J |M1M2M3〉 ∼ O(N−1/2C ). In general, theNC dependence of an effective
local interaction vertex among m mesons is Vm ∼ O(N1−m/2C ), and a current matrix
element with m mesons scales as 〈0|J |M1 · · ·Mm〉 ∼ O(N1−m/2C ). Each additional
meson coupled to the current J or to an interaction vertex brings then a suppression
factor 1/
√
NC .
Including gauge-invariant gluon operators, such as JG = Tr (GµνG
µν), the diagram-
matic analysis can be easily extended to glue states [214]. Since 〈0|T (JG1 · · ·JGn) |0〉 ∼
O(N2C), one derives the large-NC counting rules: 〈0|JG|G1 · · ·Gm〉 ∼ O(N2−mC ) and
V [G1, · · · , Gm] ∼ O(N2−mC ). Therefore, at NC → ∞, glueballs are also free, stable,
non-interacting and infinite in number. The mixed correlators involving both quark
and gluon operators satisfy 〈0|T (J1 · · ·JnJG1 · · ·JGm |0)〉 ∼ O(NC), which implies
V [M1, · · · ,Mp;G1, · · · , Gq] ∼ O(N1−q−p/2C ). Therefore, glueballs and mesons decou-
ple at large NC , their mixing being suppressed by a factor 1/
√
NC .
Many known phenomenological features of the hadronic world are easily understood
at LO in the 1/NC expansion: suppression of the q¯q sea (exotics), quark model spec-
troscopy, Zweig’s rule, SU(3) meson nonets, narrow resonances, multiparticle decays
dominated by resonant two-body final states, etc. In some cases, the large-NC limit
is in fact the only known theoretical explanation that is sufficiently general. Clearly,
the expansion in powers of 1/NC appears to be a sensible physical approximation at
NC = 3. Notice that the QED coupling has a similar size e =
√
4πα ≈ 0.3.
The large-NC limit provides a weak coupling regime to perform quantitative QCD
studies. At LO in 1/NC , the scattering amplitudes are given by sums of tree diagrams
with physical hadrons exchanged. Crossing and unitarity imply that this sum is the tree
approximation to some local effective Lagrangian. Higher-order corrections correspond
to hadronic loop diagrams.
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9.1 χPT at large NC
The large-NC counting rules are obviously well satisfied within χPT. The U(~φ ) matrix
that parametrizes the Nambu–Goldstone modes contains the scale F ∼ O(√NC),
which compensates the canonical dimension of the fields ~φ. Therefore, each additional
pseudoscalar field brings a suppression factor 1/
√
NC . The same scale F governs the
single-pseudoscalar coupling to the axial current, which is then of O(√NC).
The generating functional (60) involves classical sources that are coupled to the
QCD quark bilinears. Since correlation functions of quark currents are of O(NC), the
chiral Lagrangian should also scale as O(NC), at large NC . Moreover, the LO terms in
1/NC must involve a single flavour trace because each additional quark loop brings a
suppression factor 1/NC . The O(p2) Lagrangian (58) contains indeed a single flavour
trace and an overall factor F 2 ∼ O(NC). The coupling B0 must then be of O(1),
which is corroborated by (64). While Leff ∼ O(NC), chiral loops have a suppression
factor (4πF )−2 ∼ O(1/NC) for each loop. Thus, the 1/NC expansion is equivalent to
a semiclassical expansion.
The O(p4) Lagrangian (76) contains operators with a single flavour trace that are
of O(NC), and chiral structures with two traces that should be of O(1) because of their
associated 1/NC suppression. Actually, this is not fully correct due to the algebraic
relation (40), which has been used to rewrite the LO operator 〈DµU †DνUDµU †DνU〉
as 1
2
OL1 +OL2 − 2OL3 . Taking this into account, the large-NC scaling of the O(p4)
LECs is given by
O(NC) : L1 , L2 , L3 , L5 , L8 , L9 , L10 ,
O(1) : 2L1 − L2 , L4 , L6 , L7 . (162)
This hierarchy of couplings appears clearly manifested in Table 1, where the phe-
nomenological (and lattice) determinations of L4 and L6 are compatible with zero,
and the relation 2L1 − L2 = 0 is well satisfied. The RχT determinations of the LECs
are also in perfect agreement with the large-NC counting rules because they originate
from tree-level resonance exchanges that are of LO in 1/NC .
A very subtle point arises concerning the coupling L7. This LEC gets contri-
butions from the exchange of singlet and octet pseudoscalars that, owing to their
nonet-symmetry multiplet structure, exactly cancel each other at NC →∞, in agree-
ment with (162). However, the U(1)A anomaly, which is an O(1/NC) effect, gener-
ates a heavy mass for the η1 that decouples this state from the octet of Nambu–
Goldstone pseudoscalars. Therefore, when the η1 field is integrated out from the low-
energy theory, the chiral coupling L7 receives the η1-exchange contribution (141).
Since M2η1 ∼ O(1/NC ,M), the coupling L7 could then be naively considered to be of
O(N2C) [93]. However, taking the limit of a heavy η1 mass, while keeping ms small,
amounts to consider NC small and the large-NC counting is no-longer consistent [163].
9.2 RχT estimates of LECs
The RχT Lagrangian provides an explicit implementation of the large-NC limit of
QCD, which, however, has been truncated to the lowest-mass resonance states. The
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true hadronic realization of the QCD dynamics at NC → ∞ corresponds to a (tree-
level) local effective Lagrangian with an infinite number of massive resonances. Thus,
for each possible choice of quantum numbers, one must include an infinite tower of
states with increasing masses. This can be easily implemented in the RχT Lagrangian
and taken into account in the determination of the chiral LECs. For the O(p4) cou-
plings, the resulting predictions just reproduce the expressions in eqn (139) and (144),
adding to each term the corresponding sum over the tower of states with the given
quantum numbers [168]:
2L1 = L2 =
∑
i
G2Vi
4M2Vi
, L3 =
∑
i
{
− 3G
2
Vi
4M2Vi
+
c2di
2M2Si
}
,
L5 =
∑
i
cdi cmi
M2Si
, L7 = − F
2
48M2η1
, L8 =
∑
i
{
c2mi
2M2Si
− d
2
mi
2M2Pi
}
,
L9 =
∑
i
FVi GVi
2M2Vi
, L10 =
∑
i
{
F 2Ai
4M2Ai
− F
2
Vi
4M2Vi
}
. (163)
Owing to the explicit 1/M2Ri suppression, the largest contributions originate from the
exchange of the lightest resonances that we considered in Section 8.
The short-distance conditions discussed in Section 8.2 must also incorporate the
towers of massive states. Since there is an infinite number of resonance couplings in-
volved, one would need to consider an infinite number of constraints through the study
of all possible QCD Green functions. Obviously, this is not a feasible task. However,
truncating the sums to a few states, one can easily analyse the sensitivity of the re-
sults to the inclusion of higher-mass contributions [39,102,134,136]. With a given set
of meson states, the RχT Lagrangian provides an effective dynamical description that
interpolates between the high-energy QCD behaviour and the very low-energy χPT
realization. The short-distance conditions, rather than determining the physical values
of the resonance parameters, just fix these couplings so that the interpolation behaves
properly. When adding more states, the resonance parameters get readjusted to en-
sure the best possible interpolation with the available mass spectrum. This explains
the amazing success of the simplest determination of LECs with just the lowest-mass
resonances [79, 80, 168].
The effects induced by more exotic resonance exchanges with JPC = 1+− and
2++ have been also investigated [82]. The short-distance constraints eliminate any
possible contribution to the O(p4) LECs from 1+− resonances, and only allow a tiny
2++ correction to L3, L
T
3 = 0.16 · 10−3, which is negligible compared to the sum of
vector and scalar contributions [82]. This small tensor correction had been previously
obtained in the SU(2) theory [15, 202].
In order to determine the O(p6) (and higher-order) LECs, one must also consider
local operators with several massive resonances, as dictated by the large-NC rules. The
relevant RχT couplings can be constrained by studying appropriate sets of 3-point (or
higher) functions [59, 61, 135, 148, 149, 187]. A very detailed analysis of the ensuing
O(p6) predictions can be found in Ref [60].
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Although the large-NC limit provides a very successful description of the low-energy
dynamics, we are still lacking a systematic procedure to incorporate contributions of
NLO in the 1/NC counting. Some relevant subleading effects can be easily pinned
down, such as the resonance widths which regulate the poles of the meson propagators
[104, 109, 173, 189], or the role of final state interactions in the physical amplitudes
[73, 104, 105, 109, 113, 123, 124, 138, 154, 156, 157, 158, 159, 173, 189, 203].
More recently, methods to determine the LECs of χPT at the NLO in 1/NC have
been developed [58,176,177,184,185]. This is a very relevant goal because the depen-
dence of the LECs with the chiral renormalization scale is a subleading effect in the
1/NC counting, of the same order than the loop contributions. Since the LO resonance-
saturation estimates are performed at NC →∞, they cannot control the µ dependence
of the LECs. According to Table 1, the large-NC predictions seem to work at µ ∼Mρ,
which appears to be physically reasonable. However, a NLO analysis is mandatory in
order to get the right µ dependence of the LECs.
At NLO one needs to include quantum loops involving virtual resonance prop-
agators [129, 182, 184]. This constitutes a major technical challenge because their
ultraviolet divergences require higher-dimensional counterterms, which could gener-
ate a problematic behaviour at large momenta. Therefore, a careful investigation of
short-distance QCD constraints, at the NLO in 1/NC , becomes necessary to enforce
a proper ultraviolet behaviour of RχT and determine the needed renormalized cou-
plings [181,182,183,184,188,190,217]. Using analyticity and unitarity, it is possible to
avoid the technicalities associated with the renormalization procedure, reducing the
calculation of one-loop Green functions to tree-level diagrams plus dispersion rela-
tions [176, 177, 185]. This allows us to understand the underlying physics in a much
more transparent way.
Three O(p4) (and three O(p6)) LECs have been already determined at NLO in
1/NC , keeping full control of their µ dependence, with the results [176, 177, 185]:
Lr8(Mρ) = (0.6± 0.4) · 10−3 , Lr9(Mρ) = (7.9± 0.4) · 10−3 ,
Lr10(Mρ) = −(4.4± 0.9) · 10−3 . (164)
These numerical values are in good agreement with the phenomenological determi-
nations in Table 1. The result for Lr8(Mρ) also agrees with the more precise lattice
determination quoted in the table. The NLO RχT predictions for Lr9(µ) and L
r
10(µ)
are shown in Fig. 16, as function of the renormalization scale µ (gray bands). The com-
parison with their LO determinations (dashed red lines) corroborates the numerical
success of the NC →∞ estimates. At scales µ ∼ Mρ, the differences between the LO
and NLO estimates are well within the expected numerical uncertainty of O(1/NC).
10 Electroweak symmetry breaking
The discovery of the Higgs boson represents a major achievement in fundamental
physics and has established the SM as the correct description of the electroweak in-
teractions at the experimentally explored energy scales. There remain, however, many
open questions that the SM is unable to address, such as the nature of the mysterious
dark matter that seems to be abundantly present in our Universe, the huge asymmetry
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Fig. 16 RχT determinations of Lr9(µ) and L
r
10(µ), at NLO in 1/NC [176,177]. The horizontal
dashed lines show the LO predictions.
between matter and antimatter, and the dynamical origin of the measured hierarchies
of fermion masses and mixings, which span many orders of magnitude. Although we
are convinced that new physics is needed in order to properly understand these facts,
so far, all LHC searches for new phenomena beyond the SM have given negative results.
The absence of new massive states at the available energies suggest the presence of an
energy gap above the electroweak scale, separating it from the scale where the new
dynamics becomes relevant. EFT provides then an adequate framework to parametrize
our ignorance about the underlying high-energy dynamics is a model-independent way.
While the measured Higgs properties comply with the SM expectations, the current
experimental uncertainties are large enough to accommodate other alternative scenar-
ios of electroweak symmetry breaking (EWSB) [171]. We still ignore whether the dis-
covered Higgs corresponds indeed to the SM scalar, making part of an SU(2)L doublet
together with the three electroweak Nambu–Goldstone fields, or it is a different degree
of freedom, decoupled somehow from the Nambu–Goldstone modes. Additional bosons
could also exist, within an extended scalar sector with much richer phenomenologi-
cal implications. Another possibility would be a dynamical EWSB, similarly to what
happens in QCD.
To formulate an electroweak EFT, one needs to specify its field content (the light
degrees of freedom) and symmetry properties. Moreover, a clear power counting must
be established in order to organise the effective Lagrangian. The simplest possibility is
to build an EFT with the SM gauge symmetries and particle spectrum, assuming that
the Higgs boson belongs indeed to the SM scalar doublet. The EWSB is then linearly
realised, and the effective Lagrangian is ordered according to the canonical dimensions
of all possible gauge-invariant operators:
LSMEFT = LSM +
∑
d>4
∑
i
c
(d)
i
Λd−4NP
O
(d)
i . (165)
The SM is just the LO approximation with dimension d = 4, while operators with
d > 4 are suppressed by a factor 1/Λd−4NP , with ΛNP representing the new physics scale.
The dimensionless couplings c
(d)
i contain information on the underlying dynamics. For
instance, the exchange of a heavy massive vector boson Xµ, coupled to a quark vector
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current, would generate a d = 6 four-fermion operator in the effective Lagrangian:
LNP =˙ gX
(
q¯Lγ
µqL
)
Xµ −→ − g
2
X
M2X
(
q¯Lγ
µqL
) (
q¯LγµqL
)
. (166)
There is only one operator with d = 5 (up to Hermitian conjugation and flavour
assignments), which violates lepton number by two units [210]. Assuming the separate
conservation of the baryon and lepton numbers, and a single SM fermion family, the
NLO piece of LSMEFT contains 59 independent operators with d = 6 [50, 108]. When
the three fermion families are included, this number blows up to 1350 CP-even plus
1149 CP-odd operators [9]. In addition, there are five d = 6 operators that violate B
and L [1, 213].
A large number of recent works have studied different aspects of this SM effective
field theory (SMEFT), working out the phenomenological constraints on the d = 6
Lagrangian. The full anomalous dimension matrix of the d = 6 operators is already
known [9], making possible to perform analyses at the one-loop level. An overview of
the current status can be found in Ref. [44]. Here, we prefer to discuss a more general
EFT framework, which does not make any assumption about the nature of the Higgs
field. The EWSB is realised non-linearly in terms of its Nambu–Goldstone modes,
and the light Higgs is incorporated into the effective Lagrangian as a generic SU(2)L
singlet field with unconstrained couplings to the EWSB sector [45, 48, 174, 175].
10.1 Custodial Symmetry
A massless gauge boson has only two polarizations, while a massive spin-1 particle
should have three. In order to generate the missing longitudinal polarizations of the
W± and Z bosons, without breaking gauge invariance, three additional degrees of
freedom must be added to the massless SU(2)L⊗U(1)Y gauge theory. The SM incor-
porates instead a complex scalar doublet Φ(x) containing four real fields and, therefore,
one massive neutral scalar, the Higgs boson, remains in the spectrum after the EWSB.
It is convenient to collect the four scalar fields in the 2× 2 matrix [18]
Σ ≡ (Φc,Φ) =
(
Φ0∗ Φ+
−Φ− Φ0
)
, (167)
with Φc = iσ2Φ
∗ the charge-conjugate of the scalar doublet Φ. The SM scalar La-
grangian can then be written in the form [166, 167]
L(Φ) = 1
2
〈 (DµΣ)†DµΣ 〉 − λ
16
(〈Σ†Σ 〉 − v2)2 , (168)
where DµΣ ≡ ∂µΣ+ ig ~σ2 ~Wµ Σ− ig′Σ σ32 Bµ is the usual gauge-covariant derivative.
The Lagrangian L(Φ) has a global G ≡ SU(2)L ⊗ SU(2)R symmetry,
Σ −→ gLΣ g†R , gL,R ∈ SU(2)L,R , (169)
while the vacuum choice 〈0|Φ0|0〉 = v is only preserved when gL = gR, i.e., by the
custodial symmetry group H ≡ SU(2)L+R [197]. Thus, the scalar sector of the SM has
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the same pattern of chiral symmetry breaking (30) than QCD with nf = 2 flavours.
In fact, L(Φ) is formally identical to the linear sigma-model Lagrangian (5), up to
a trivial normalization of the Σ field and the presence of the electroweak covariant
derivative. In the SM, SU(2)L is promoted to a local gauge symmetry, but only the
U(1)Y subgroup of SU(2)R is gauged. Therefore, the U(1)Y interaction in the covariant
derivative breaks the SU(2)R symmetry.
The polar decomposition
Σ(x) =
1√
2
[v + h(x)] U(~φ ) (170)
separates the Higgs field h(x), which is a singlet under G transformations, from the
three Nambu–Goldstone excitations ~φ(x), parametrized through the 2× 2 matrix
U(~φ ) = exp
{
i~σ ~φ/v
}
−→ gL U(~φ ) g†R . (171)
One can rewrite L(Φ) in the form [18, 142, 143]:
L(Φ) = v
2
4
〈DµU †DµU 〉 + O (h/v) , (172)
which makes explicit the universal Nambu–Goldstone Lagrangian (36) associated with
the symmetry breaking (30). Up to terms containing the scalar Higgs, the only differ-
ence is the presence of the electroweak gauge fields through the covariant derivative
DµU ≡ ∂µU + ig ~σ2 ~Wµ U − ig′ U σ32 Bµ. Thus, the same Lagrangian that describes the
low-energy pion interactions in two-flavour QCD governs the SM Nambu–Goldstone
dynamics, with the trivial change F → v [167]. The electroweak precision data have
confirmed that the pattern of symmetry breaking implemented in the SM is the correct
one, and have determined the fundamental scale v = (
√
2GF )
−1/2 = 246 GeV [170].
In the unitary gauge, U(~φ ) = 1, the Nambu–Goldstone fields are rotated away
and the Lagrangian (172) reduces to a quadratic mass term for the electroweak gauge
bosons, giving the SM prediction for the W± and Z masses:
mW = mZ cos θW =
1
2
vg , (173)
with Zµ ≡ cos θWWµ3 −sin θWBµ and tan θW = g′/g. Thus, these masses are generated
by the Nambu–Goldstone modes, not by the Higgs field.10 The successful mass relation
(173) is a direct consequence of the pattern of EWSB, providing a clear confirmation
of its phenomenological validity. The particular dynamical structure of the SM scalar
Lagrangian can only be tested through the Higgs properties. The measured Higgs mass
determines the quartic coupling,
λ =
m2h
2v2
= 0.13 , (174)
while its gauge couplings are consistent with the SM prediction within the present
experimental uncertainties [171].
10The QCD pions generate, in addition, a tiny correction δmW = δmZ cos θW = Fpig/2, through
their coupling to the SM gauge bosons encoded in the χPT Lagrangian (58).
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Fig. 17 SM Feynman diagrams contributing to the elastic W+W− scattering at LO.
10.2 Equivalence theorem
The elastic scattering amplitudes of the electroweak Nambu–Goldstone bosons can be
obtained from the analogous results for the QCD pions. Thus, they obey the (weak)
isospin and crossing relation (49), where A(s, t, u) is given in (50) with the change
F → v. Actually, eqn (50) includes also the one-loop correction with the corresponding
O(p4) LECs ℓ1,2 that get different names in the electroweak EFT (see later).
The electroweak Nambu–Goldstone modes correspond to the longitudinal polariza-
tions of the gauge bosons. Therefore, the χPT results directly give the scattering ampli-
tudes of longitudinally-polarized gauge bosons, up to corrections proportional to their
non-zero masses. In the absence of the Higgs field, one gets the LO result [65,139,205]:
T (W+LW
−
L → W+LW−L ) = T (φ+φ− → φ+φ−) + O
(
mW√
s
)
=
s+ t
v2
+ O
(
mW√
s
)
.
(175)
At high energies the amplitude grows as s/v2, which implies a tree-level violation
of unitarity. This is the expected behaviour from the derivative coupling in the La-
grangian (172). Making a direct calculation with longitudinal spin-1 bosons, one could
naively expect a harder energy dependence, T (W+LW
−
L → W+LW−L ) ∼ g2E4/m4W , be-
cause each longitudinal polarization vector grows as ǫµL(
~k ) ∼ kµ/mW and there are
four gauge-boson external legs.11 Thus, there is a strong gauge cancellation among the
first three diagrams in Fig. 17, which eliminates those contributions with the highest
powers of energy.
The SM scalar doublet Φ gives rise to a renormalizable Lagrangian, with good
short-distance properties, that obviously satisfies unitarity. The right high-energy be-
haviour of the scattering amplitude is recovered through the additional contributions
from Higgs boson exchange in Fig. 17, which cancel the unphysical growing:
T (W+LW
−
L →W+LW−L )SM =
1
v2
{
s+ t− s
2
s−m2h
− t
2
t−m2h
}
+ O
(
mW√
s
)
= −m
2
h
v2
{
s
s−m2h
+
t
t−m2h
}
+ O
(
mW√
s
)
. (176)
The SM gauge structure implies an exact cancellation of all terms that grow with
energy, changing an E4 behaviour into E0. Any small modification of the couplings in
Fig. 17 would spoil this cancellation, generating a phenomenologically unacceptable
result. Therefore, large deviations of the gauge couplings from their SM predictions
11In the reference frame kµ = (k0, 0, 0, |~k|), ǫµ
L
(~k ) = 1
mW
(|~k|, 0, 0, k0) = kµ
mW
+O(mW /|~k|).
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should not be expected. Moreover, small changes in the couplings would require the
presence of new contributions to the scattering amplitude in order to maintain the
cancellations.
At very large energies, s≫ m2W , T (W+LW−L →W+LW−L )SM ≈ −2m2h/v2, which has
an S-wave component
a0 ≡ 1
32π
∫ 1
−1
d cos θ T (W+LW
−
L →W+LW−L )SM ≈ −
m2h
8πv2
. (177)
The elastic unitarity constraint |a0| ≤ 1 puts then an upper bound on the Higgs
mass. Taking into account the inelastic channels into ZZ and hh, the bound becomes
stronger by a factor
√
2/3, leading to the final result mh ≤
√
8πv
√
2/3 ≈ 1 TeV [139].
The measured Higgs mass, mh = (125.09 ± 0.24) GeV [20], is well below this upper
limit. Notice that the bound has been extracted from a perturbative LO calculation. A
much heavier Higgs, above 1 TeV, would have indicated the need for large higher-order
contributions and a strong-coupling regime with λ > 1.
QCD provides a good illustration of the role of unitarity at strong coupling. Al-
though the χPT result for the ππ elastic scattering amplitude grows with energy, QCD
is a renormalizable theory that satisfies unitarity. The chiral prediction (50) is only
valid at low energies, below the resonance mass scale. Once higher-mass states are
taken into account, as done in RχT, the ππ scattering amplitude recovers its good
unitarity properties, provided the proper QCD short-distance behaviour is imposed.
The P-wave isovector amplitude (J = I = 1), for instance, gets unitarized by ρ ex-
change. The unitarisation of the S-wave isoscalar amplitude (J = I = 0), with vacuum
quantum numbers, proceeds in a much more subtle way because pion loop corrections
are very large in this channel; their resummation generates a unitarized amplitude
with a pole in the complex plane that corresponds to the controversial σ or f0(500)
meson, a broad resonance structure that is absent at NC →∞ [138, 162].
11 Electroweak effective theory
In order to formulate the electroweak effective theory (EWET) we must consider the
most general low-energy Lagrangian that satisfies the SM symmetries and only con-
tains the known light spectrum: the SM gauge bosons and fermions, the electroweak
Nambu–Goldstone modes and the Higgs field h [45,48,174,175]. In addition to the SM
gauge symmetries, our main assumption will be the pattern of EWSB:
G ≡ SU(2)L ⊗ SU(2)R −→ H ≡ SU(2)L+R . (178)
As we have done before with χPT, we will organise the Lagrangian as an expansion in
powers of derivatives and symmetry breakings over the EWSB scale (and/or any new-
physics heavy mass scale). The purely Nambu–Goldstone terms are of course formally
identical to those present in χPT with nf = 2. The EWET contains, however, a richer
variety of ingredients, since we must include the SM gauge symmetries, a fermion
sector and a quite different type of symmetry-breaking effects:
LEWET = LEW2 + LEW4 + · · · = L(0)SM +∆L2 + LEW4 + · · · (179)
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The dots denote the infinite tower of operators with higher chiral dimensions. The LO
term LEW2 contains the renormalizable massless (unbroken) SM Lagrangian,
L(0)SM = LYM + i
∑
f
f¯γµDµf , (180)
where Dµ is the covariant derivative of the SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group,
LYM the corresponding Yang-Mills Lagrangian and the sum runs over all SM fermions
f . The additional LO piece ∆L2 incorporates the EWSB contributions.
We will parametrize the Nambu–Goldstone fields with the coset coordinates (31)
and the choice of canonical coset representative ξL(
~φ ) = ξ†R(~φ ) ≡ u(~φ ). This con-
vention is opposite to (126), usually adopted in χPT, but it looks more natural to
describe the SM gauge group.12 Therefore,
u(~φ )
G−→ gL u(~φ ) g†h = gh u(~φ ) g†R , (181)
with gh ≡ h(~φ, g) ∈ H the compensating transformation needed to get back to the
chosen coset representative.
The gauge fields are incorporated in the same way as the left and right sources of
χPT, although here we must add the Lagrangian LYM because we need to quantize
them. Thus, we formally introduce the SU(2)L and SU(2)R matrix fields, Wˆµ and Bˆµ
respectively, transforming as
Wˆµ −→ gL Wˆµg†L + i gL ∂µg†L , Bˆµ −→ gR Bˆµg†R + i gR ∂µg†R ,
(182)
the covariant derivative (U = u2 → gLUg†R)
DµU = ∂µU − i WˆµU + i UBˆµ −→ gLDµU g†R , (183)
and the field-strength tensors
Wˆµν = ∂µWˆν − ∂νWˆµ − i [Wˆµ, Wˆν ] −→ gL Wˆµν g†L ,
Bˆµν = ∂µBˆν − ∂νBˆµ − i [Bˆµ, Bˆν ] −→ gR Bˆµν g†R . (184)
The SM gauge fields are recovered through the identification [178]
Wˆµ = −g ~σ
2
~Wµ , Bˆµ = −g′ σ3
2
Bµ , (185)
which explicitly breaks the SU(2)R symmetry group while preserving the SU(2)L ⊗
U(1)Y gauge symmetry.
We also define the covariant quantities
uµ = i u (DµU)
†u = −i u†DµU u† = u†µ , fµν± = u†Wˆµνu± u Bˆµνu† ,
(186)
which transform as (uµ, f
µν
± ) → gh (uµ, fµν± ) g†h.
12The two conventions are just related by a permutation of left and right, or equivalently, u(~φ )↔
u†(~φ ). Thus, analogous terms in both theories only differ by the change F ↔ −v.
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The bosonic part of ∆L2 can then be written as [175]
∆LBosonic2 =
1
2
∂µh ∂
µh − 1
2
m2h h
2 − V (h/v) + v
2
4
Fu(h/v) 〈uµuµ〉 , (187)
where 〈uµuµ〉 is the usual LO Nambu–Goldstone operator and
V (h/v) = v4
∑
n=3
c(V )n
(
h
v
)n
, Fu(h/v) = 1 +
∑
n=1
c(u)n
(
h
v
)n
. (188)
Each chiral-invariant structure can be multiplied with an arbitrary function of h/v
because the Higgs field is a singlet under SU(2)L ⊗ SU(2)R [107]. The electroweak
scale v is used to compensate the powers of both the Higgs and the Nambu–Goldstone
fields, since they are expected to have a similar underlying origin and, therefore, the
coefficients c
(u)
n could be conjectured to be of O(1). The scalar Lagrangian of the SM
corresponds to c
(V )
3 =
1
2 m
2
h/v
2, c
(V )
4 =
1
8 m
2
h/v
2, c
(V )
n>4 = 0, c
(u)
1 = 2, c
(u)
2 = 1 and
c
(u)
n>2 = 0.
In principle, the quadratic derivative term of the Higgs should also be multiplied
with an arbitrary function Fh(h/v). However, this function can be reabsorbed into a
redefinition of the field h [99].
11.1 Fermionic fields
The SM fermion multiplets can be organised into SU(2)L and SU(2)R doublets,
ψL =
(
tL
bL
)
, ψR =
(
tR
bR
)
, (189)
and analogous definitions for the other quark and lepton flavours, extending the sym-
metry group to G = SU(2)L ⊗ SU(2)R ⊗ U(1)X with X = (B− L)/2, being B and L
the baryon and lepton numbers, respectively [119]. They transform under G as
ψL −→ gX gL ψL , ψR −→ gX gR ψR , (190)
with gX ∈ U(1)X .
One must introduce the U(1)X field Xˆµ, transforming like
Xˆµ −→ Xˆµ + i gX ∂µg†X , (191)
and its corresponding field strength tensor
Xˆµν = ∂µXˆν − ∂νXˆµ (192)
that is a singlet under G. The fermion covariant derivatives take then the form [175]
DLµψL =
(
∂µ − i Wˆµ − i xψ Xˆµ
)
ψL , D
R
µ ψR =
(
∂µ − i Bˆµ − i xψ Xˆµ
)
ψR ,
(193)
where xψ is the corresponding U(1)X charge of the fermion field.
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To recover the SM gauge interactions, the auxiliary fields must be frozen to the
values given in (185) and
Xˆµ = − g′Bµ , (194)
which introduces an explicit breaking of the symmetry group G to the SM subgroup
SU(2)L ⊗ U(1)Y , with Y = T3R + 12 (B− L) [194], i.e.,
Q = T3L + T3R +
1
2
(B− L) . (195)
Since bosons have B = L = 0, the enlargement of the symmetry group does not modify
the bosonic sector.
In order to easily build chiral-invariant structures, it is convenient to introduce
covariant fermion doublets [175]
ξL ≡ u† ψL , ξR ≡ uψR , dLµξL ≡ u†DLµψL , dRµ ξR ≡ uDRµ ψR ,
(196)
transforming under G as(
ξL, ξR, d
L
µξL, d
R
µ ξR
) −→ gX gh (ξL, ξR, dLµξL, dRµ ξR) . (197)
The combined field ξ ≡ ξL + ξR and dµξ ≡ dLµξL + dRµ ξR transform obviously in the
same way.
The kinetic fermion Lagrangian can be easily written in covariant form:
L(0)Fermionic =
∑
ξ
i ξ¯γµdµξ =
∑
ψ
(
i ψLγ
µDLµψL + i ψRγ
µDRµ ψR
)
. (198)
Similarly, the usual fermion bilinears are compactly expressed as:
JΓ ≡ ξ¯ Γ ξ =
 ψLΓψL + ψRΓψR , Γ = γ
µ (V ), γµγ5 (A),
ψLΓU(
~φ )ψR + ψRΓU
†(~φ )ψL , Γ = 1 (S), iγ5 (P ), σµν (T ).
(199)
The Nambu–Goldstone coordinates disappear whenever the left and right sectors de-
couple; they only remain in those structures that mix the left and right chiralities,
such as the scalar (S), pseudoscalar (P) and tensor (T) bilinears. While the spinorial
indices get closed within JΓ, the fermion bilinear is an SU(2) tensor, with indices
JmnΓ = ξ¯n Γ ξm, that transforms covariantly: JΓ → gh JΓ g†h.
Fermion masses constitute an explicit breaking of chiral symmetry, which can be
incorporated in the effective Lagrangian with a right-handed spurion field YR, trans-
forming as
YR −→ gR YR g†R , Y ≡ uYR u† −→ gh Y g†h , (200)
that allows us to add the invariant term
∆LFermionic2 = −v ξ¯L Y ξR + h.c. = −v ψ¯L U(~φ )YR ψR + h.c. (201)
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The Yukawa interaction is recovered when the spurion field is frozen to the value [19,23]
Y = Yˆt(h/v)P+ + Yˆb(h/v)P− , P± ≡ 1
2
(I2 ± σ3) , (202)
where [48]
Yˆt,b(h/v) =
∑
n=0
Yˆ
(n)
t,b
(
h
v
)n
. (203)
In the SM, the SU(2) doublet structure of the Higgs implies Yˆ
(0)
t,b = Yˆ
(1)
t,b = mt,b/v,
while Yˆ
(n≥2)
t,b = 0.
To account for the flavour dynamics, one promotes the fermion doublets ξL,R to
flavour vectors ξAL,R with family index A. The spurion field Y becomes then a 3 × 3
flavour matrix, with up-type and down-type components Yˆu(h/v) and Yˆd(h/v) that
parametrize the custodial and flavour symmetry breaking [83]. The corresponding ex-
pansion coefficient matrices Yˆ
(n)
u,d (h/v), multiplying the h
n term, could be different for
each power n because chiral symmetry does not constrain them. Additional dynamical
inputs are needed to determine their flavour structure.
11.2 Power counting
The structure of the LO Lagrangian determines the power-counting rules of the EWET,
in a quite straightforward way [49, 175]. The Higgs and the Nambu–Goldstone modes
do not carry any chiral dimension dˆ, while their canonical field dimensions are com-
pensated by the electroweak scale v. The external gauge sources Wˆµ, Bˆµ and Xˆµ are
of O(p), as they appear in the covariant derivatives, and their corresponding field-
strength tensors are quantities of O(p2). Since any on-shell particle satisfies p2 = m2,
all EWET fields have masses of O(p). This implies that the gauge couplings are also
of O(p) because mW = gv/2 and mZ =
√
g2 + g′2 v/2, while ~Wµ, Bµ ∼ O(p0). All
terms in LYM and ∆LBosonic2 are then of O(p2), provided the Higgs potential is also
assigned this chiral dimension, which is consistent with the SM Higgs self-interactions
being proportional to m2h ∼ O(p2). Thus,
u(~φ ), h,Fu(h/v), ~Wµ, Bµ ∼ O(p0) , Wˆµν , Bˆµν , Xˆµν , f±µν , c(V )n ∼ O(p2) ,
DµU, uµ, ∂µ, Wˆµ, Bˆµ, Xˆµ, mh, mW , mZ , g, g
′ ∼ O(p) . (204)
The assignment of chiral dimensions is slightly more subtle in the fermion sector.
The chiral fermion fields must scale as ξL,R ∼ O(p1/2), so that the fermionic component
of L(0)SM is also of O(p2). The spurion Y is a quantity of O(p), since the Yukawa
interactions must be consistent with the chiral counting of fermion masses, and the
fermion mass terms are then also of O(p2). Therefore,
ξ, ξ¯, ψ, ψ¯ ∼ O(p1/2) , mψ ,Y ∼ O(p) . (205)
The chiral dimensions reflect the infrared behaviour at low momenta and lead to a
consistent power counting to organise the EWET. In particular, the chiral low-energy
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expansion preserves gauge invariance order by order, because the kinetic, cubic and
quartic gauge terms have all dˆ = 2 [119]. With a straightforward dimensional analysis
[144], one can easily generalise the Weinberg’s power-counting theorem (43) [211]. An
arbitrary Feynman diagram Γ scales with momenta as [45, 48, 49, 119, 175]
Γ ∼ pdˆΓ , dˆΓ = 2 + 2L+
∑
dˆ
(dˆ− 2)Ndˆ , (206)
with L the number of loops and Ndˆ the number of vertices with a given value of dˆ.
As in χPT, quantum loops increase the chiral dimension by two units and their
divergences get renormalized by higher-order operators. The loop corrections are sup-
pressed by the usual geometrical factor 1/(4π)2, giving rise to a series expansion in
powers of momenta over the electroweak chiral scale ΛEWET = 4πv ∼ 3 TeV. Short-
distance contributions from new physics generate EWET operators, suppressed by the
corresponding new-physics scale ΛNP. One has then a combined expansion in powers
of p/ΛEWET and p/ΛNP.
Local four-fermion operators, originating in short-distance exchanges of heavier
states, carry a corresponding factor g2NP/Λ
2
NP, and similar suppressions apply to op-
erators with a higher number of fermion pairs. Assuming that the SM fermions are
weakly coupled, i.e., gNP ∼ O(p), one must then assign an additional O(p) suppression
to the fermion bilinears [49, 175]:
(η¯ Γ ζ)n ∼ O (p2n) . (207)
This has already been taken into account in the Yukawa interactions through the
spurion Y . Obviously, the power-counting rule (207) does not apply to the kinetic
term and, moreover, it is consistent with the loop expansion.
When the gauge sources are frozen to the values (185) and (194), they generate
an explicit breaking of custodial symmetry that gets transferred to higher orders by
quantum corrections. Something similar happens in χPT with the explicit breaking of
chiral symmetry through electromagnetic interactions [80, 81, 204]. This can be easily
incorporated into the EWET with the right-handed spurion [175]
TR −→ gR TR g†R , T = u TR u† −→ ghT g†h . (208)
Chiral-invariant operators with an even number of T fields account for the custodial
symmetry-breaking structures induced through quantum loops with Bµ propagators,
provided one makes the identification
TR = −g′ σ3
2
. (209)
Being proportional to the coupling g′, this spurion has chiral dimension dˆ = 1 [175]:
TR ∼ T ∼ O(p) . (210)
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11.3 NLO Lagrangian
Assuming invariance under CP transformations, the most general O(p4) bosonic La-
grangian contains eleven P-even (Oi) and three P-odd (O˜i) operators [174, 175]:
LBosonic4 =
11∑
i=1
Fi(h/v) Oi +
3∑
i=1
F˜i(h/v) O˜i . (211)
For simplicity, we will only consider a single fermion field. The CP-invariant fermionic
Lagrangian of O(p4) involves then seven P-even (Oψ2i ) plus three P-odd (O˜ψ
2
i ) op-
erators with one fermion bilinear, and ten P-even (Oψ4i ) plus two P-odd (O˜ψ
4
i ) four-
fermion operators [175]:
LFermionic4 =
7∑
i=1
Fψ2i (h/v) Oψ
2
i +
3∑
i=1
F˜ψ2i (h/v) O˜ψ
2
i
+
10∑
i=1
Fψ4i (h/v) Oψ
4
i +
2∑
i=1
F˜ψ4i (h/v) O˜ψ
4
i . (212)
The basis of independent P-even and P-odd operators is listed in Tables 2 and 3,
respectively.13 The number of chiral structures has been reduced through field redefi-
nitions, partial integration, equations of motion and algebraic identities.14 The number
of fermionic operators increases dramatically when the quark and lepton flavours are
taken into account.
All coefficients F (ψ2,4)i (z) and F˜ (ψ
2,4)
i (z) are functions of z = h/v; i.e.,
F (ψ2,4)i (z) =
∑
n=0
F (ψ2,4)i,n zn , F˜ (ψ
2,4)
i (z) =
∑
n=0
F˜ (ψ2,4)i,n zn . (213)
When the gauge sources are frozen to the values (185) and (194), the Higgsless term
F2,0O2 + F11,0O11 + F˜2,0 O˜2 becomes a linear combination of the Wµ and Bµ Yang-
Mills Lagrangians. Therefore, it could be eliminated through a redefinition of the
corresponding gauge couplings.
To compute the NLO amplitudes, one must also include one-loop corrections with
the LO Lagrangian LEW2 . The divergent contributions can be computed with functional
methods, integrating all one-loop fluctuations of the fields in the corresponding path
integral. The divergences generated by the scalar sector (Higgs and Nambu–Goldstone
fluctuations) were first computed in Ref. [110], while the full one-loop renormalization
has been accomplished recently [10, 46].
13 A much larger number of operators appears in former EWET analyses, owing to a slightly
different chiral counting that handles the breakings of custodial symmetry less efficiently [6, 45, 48].
14 When QCD interactions are taken into account, the covariant derivatives incorporate the gluon
field Gˆµ = gsGaµT
a and two additional P-even operators must be included: TrC(GˆµνGˆ
µν) and
TrC(Gˆµν〈J8 µνT 〉), where Gˆµν = ∂µGˆν − ∂νGˆµ − i [Gˆµ, Gˆν ], TrC(A) indicates the colour trace of
A and J8 µνT is the colour-octet tensorial quark bilinear [137].
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Table 2 CP-invariant, P-even operators of the O(p4) EWET [174, 175].
i Oi Oψ
2
i Oψ
4
i
1 14 〈 fµν+ f+µν − fµν− f−µν 〉 〈 JS 〉〈 uµuµ 〉 〈 JSJS 〉
2 12 〈 fµν+ f+µν + fµν− f−µν 〉 i 〈 JµνT [uµ, uν ] 〉 〈 JPJP 〉
3 i
2
〈 fµν+ [uµ, uν ] 〉 〈 JµνT f+µν 〉 〈 JS 〉〈 JS 〉
4 〈 uµuν 〉 〈 uµuν 〉 Xˆµν〈 JµνT 〉 〈 JP 〉〈 JP 〉
5 〈 uµuµ 〉2 1v (∂µh) 〈 uµJP 〉 〈 JµV JV,µ 〉
6 1v2 (∂µh)(∂
µh) 〈 uνuν 〉 〈 JµA 〉〈 uµT 〉 〈 JµAJA,µ 〉
7 1v2 (∂µh)(∂νh) 〈 uµuν 〉 1v2 (∂µh)(∂µh) 〈 JS 〉 〈 JµV 〉〈 JV,µ 〉
8 1
v4
(∂µh)(∂
µh)(∂νh)(∂
νh) — 〈 JµA 〉〈 JA,µ 〉
9 1v (∂µh) 〈 fµν− uν 〉 — 〈 JµνT JT,µν 〉
10 〈T uµ〉2 — 〈 JµνT 〉〈 JT,µν 〉
11 XˆµνXˆ
µν — —
Table 3 CP-invariant, P-odd operators of the O(p4) EWET
[175].
i O˜i O˜ψ
2
i O˜ψ
4
i
1 i2 〈 fµν− [uµ, uν ] 〉 〈 JµνT f−µν 〉 〈 JµV JA,µ 〉
2 〈 fµν+ f−µν 〉 1v (∂µh) 〈 uνJµνT 〉 〈 JµV 〉〈 JA,µ 〉
3 1
v
(∂µh) 〈 fµν+ uν 〉 〈 JµV 〉〈 uµT 〉 —
According to the EWET power counting, the one-loop contributions are of O(p4).
Nevertheless, they can give rise to local structures already present in the LO La-
grangian, multiplied by O(p2) factors such as m2h, c(V )n or the product of two gauge
couplings. In fact, the fluctuations of gauge bosons and fermions belong to the renor-
malizable sector and do not generate new counterterms [46]. They must be reabsorbed
into O(p4) redefinitions of the LO Lagrangian parameters and fields. Genuine O(p4)
structures originate in the scalar fluctuations, owing to the non-trivial geometry of the
scalar field manifold [7, 8, 10], and the mixed loops between the renormalizable and
non-renormalizable sectors.
In order to avoid lengthy formulae, we only detail here the O(p4) divergences, origi-
nating from Higgs and Nambu–Goldstone fluctuations, that renormalize the couplings
of the bosonic Oi operators:
Fi(h/v) = F ri (µ, h/v) + ΓOi(h/v) ∆MS =
∑
n=0
[F ri,n(µ) + γOi,n ∆MS] (hv
)n
, (214)
with
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Table 4 Coefficient functions ΓOi(h/v), generated by one-loop scalar
fluctuations, and their zero-order expansion factors γOi,0 [110].
i ΓOi(h/v) γ
O
i,0
1 124 (K2 − 4) −16 (1− a2)
2 − 1
48
(K2 + 4) − 1
12
(1 + a2)
3 124 (K2 − 4) −16 (1− a2)
4 196 (K2 − 4)2 16 (1− a2)2
5 1
192
(K2 − 4)2 + 1
128
F2u Ω2 18 (a2 − b)2 + 112 (1− a2)2
6 116 Ω (K2 − 4)− 196 FuΩ2 −16 (a2 − b) (7a2 − b− 6)
7 124 FuΩ2 23 (a2 − b)2
8 3
32
Ω2 3
2
(a2 − b)2
9 124 F
′
u Ω −13 a (a2 − b)
∆MS =
µD−4
32π2
{
2
D − 4 − log (4π) + γE
}
, (215)
the usual MS subtraction. The computed coefficient functions ΓOi(z) are given in
Table 4, in terms of Fu(z) and [110]
K(z) ≡ F
′
u(z)
F1/2u (z)
, Ω(z) ≡ 2 F
′′
u (z)
Fu(z) −
(
F ′u(z)
Fu(z)
)2
, (216)
where F ′u and F
′′
u indicate the first and second derivative of Fu(z) with respect to the
variable z = h/v. The last column of the table shows explicitly the zero-order factors
γOi,0 in the expansion of ΓOi(h/v) in powers of the Higgs field, which only depend on
the LO couplings a ≡ 12 c
(u)
1 and b ≡ c(u)2 . The coefficients ΓOi(z) and γOi,n govern the
running with the renormalization scale of the corresponding F ri (µ, z) functions and
F ri,n(µ) factors, respectively, as dictated in (48) for the χPT LECs.
Taking Fu(z) = 1 (a = b = 0), the Higgs decouples from the Nambu–Goldstone
modes in ∆LBosonic2 , and one recovers the known renormalization factors of the Higgs-
less electroweak chiral Lagrangian [18, 117, 118, 142, 143]. The renormalization factors
γO4,n and γ
O
5,n reproduce in this case their χPT counterparts
1
4
γ2 and
1
4
γ1 in (47).
In the SM, K = 2 and Ω = 0 (a = b = 1). Thus, all O(p4) divergences disappear,
as it should, except ΓO2(z) = γ
O
2,0 = −16 that is independent of the Higgs field and
gets reabsorbed through a renormalization of the gauge couplings in the Yang-Mills
Lagrangian.
Since 14 ΓO1(z) +
1
2 ΓO2(z) = − 112 is independent of the Higgs field, the chiral
structures hn 〈fµν+ f+µν〉 are not renormalized when n 6= 0. Therefore, the interaction
vertices hnγγ and hnZγ, with n ≥ 1, are renormalization-group invariant [22,69,110].
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11.4 Scattering of longitudinal gauge bosons at NLO
The one-loop corrections to the elastic scattering of two electroweak Nambu–Goldstone
modes (or, equivalently, longitudinal gauge bosons) can be partly taken from the χPT
expression (50), which only includes the virtual contributions from massless ~φ propaga-
tors. One must add the corrections induced by the Higgs boson, and replace the O(p4)
χPT LECs by their corresponding EWET counterparts: ℓ1 → 4F5,0, ℓ2 → 4F4,0. In
the limit g = g′ = 0, custodial symmetry becomes exact and the scattering amplitudes
follow the weak isospin decomposition (49), with the O(p4) function [70, 84]
A(s, t, u) =
s
v2
(1− a2) + 4
v4
[Fr4,0(µ) (t2 + u2) + 2Fr5,0(µ) s2]
+
1
96π2v4
{
2
3
(14 a4 − 10 a2 − 18 a2b+ 9 b2 + 5) s2 + 13
3
(1− a2)2 (t2 + u2)
+
1
2
(1− a)2
[
(s2 − 3t2 − u2) log
(−t
µ2
)
+ (s2 − t2 − 3u2) log
(−u
µ2
)]
− 3 (2 a4 − 2 a2 − 2 a2b+ b2 + 1) s2 log
(−s
µ2
)}
, (217)
where a ≡ 12 c
(u)
1 and b ≡ c(u)2 are the relevant LO couplings of the Higgs to the ~φ fields
in eqn (187). All boson masses have been neglected, and the O(p4) couplings have been
renormalized in the MS scheme, as indicated in (214) and (215). Taking into account
the different renormalization schemes, this result agrees with its corresponding χPT
expression (50) when a = b = 0. In the SM, a = b = 1 and F4,0 = F5,0 = 0, which
implies A(s, t, u) = 0. Owing to unitarity, the SM amplitude is of O(m2h/s).
With the same approximations (g = g′ = mh = 0) and neglecting in addition the
scalar potential, i.e., assuming the Higgs self-interactions to be of O(m2h), the elastic
scattering amplitude of two Higgs bosons takes the form [70]
A(hh→ hh) = 2
v4
Fr8,0(µ) (s2 + t2 + u2)
+
3 (a2 − b)2
32π2v4
{
2 (s2 + t2 + u2)− s2 log
(−s
µ2
)
− t2 log
(−t
µ2
)
− u2 log
(−u
µ2
)}
,
(218)
which also vanishes in the SM limit (a = b = 1, F8,0 = 0).
The analogous computation of the φiφj → hh scattering amplitudes gives [70]:
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A(φiφj → hh) = δij
{
a2 − b
v2
s +
1
v4
[
2Fr6,0(µ) s2 + Fr7,0(µ) (t2 + u2)
]
+
a2 − b
192π2v4
(
(a2 − b) t2
[
26
3
− 3 log
(−t
µ2
)
− log
(−u
µ2
)]
+ (a2 − b) u2
[
26
3
− log
(−t
µ2
)
− 3 log
(−u
µ2
)]
+ (a2 − b) s2
[
log
(−t
µ2
)
+ log
(−u
µ2
)]
+ 12 (a2 − 1) s2 log
(−s
µ2
)
+
1
3
(72− 88 a2 + 16 b) s2
)}
. (219)
Time-reversal invariance implies that the same expression applies for A(hh→ φiφj).
With the renormalization factors given in Table 4, one can easily check that the
scattering amplitudes (217), (218) and (219) are independent of the renormaliza-
tion scale µ. Similar expressions have been derived for other interesting scattering
amplitudes such as A(γγ → φiφj) [69], A(γγ → hh) [71], A(φiφj → tt¯) [56] and
A(hh→ tt¯) [56].
12 Fingerprints of heavy scales
The couplings of the EWET encode all the dynamical information about the underly-
ing ultraviolet dynamics that is accessible at the electroweak scale. Different scenarios
of new physics above the energy gap would imply different patterns of LECs, with
characteristic correlations that could be uncovered through high-precision measure-
ments. Given a generic strongly-coupled theory of EWSB with heavy states above
the gap, we would like to identify the imprints that its lightest excitations leave on
the effective Lagrangian couplings. To simplify the discussion, we will concentrate on
the bosonic CP-conserving operators Oi [174]. A more general analysis, including the
fermion sector and gluonic interactions has been given in Refs. [137, 175].
Let us consider an effective Lagrangian containing the SM fields coupled to the
lightest scalar, pseudoscalar, vector and axial-vector colour-singlet resonance multi-
plets S, P , V µν and Aµν , transforming as SU(2)L+R triplets (R → ghRg†h), and the
corresponding singlet states S1, P1, V
µν
1 and A
µν
1 (R1 → R1). In order to analyse their
implications on the O(p4) EWET couplings, we only need to keep those structures with
the lowest number of resonances and derivatives. At LO, the most general bosonic in-
teraction with at most one resonance field, that is invariant under the symmetry group
G, has the form:
LEWRχT =˙ 〈Vµν χµνV 〉+ 〈Aµν χµνA 〉+ 〈P χP 〉+ S1 χS1 , (220)
with
χµνV =
FV
2
√
2
fµν+ +
iGV
2
√
2
[uµ, uν ] , χµνA =
FA
2
√
2
fµν− +
√
2λhA1 ∂
µhuν ,
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Table 5 Resonance contributions to the bosonic O(p4) LECs.
The right column includes short-distance constraints [174].
F1 = F
2
A
4M2A
− F 2V
4M2V
= −v24
(
1
M2V
+ 1
M2A
)
F2 = − F
2
A
8M2A
− F 2V
8M2V
= − v2(M4V +M4A)
8M2VM
2
A(M
2
A−M2V )
F3 = −FV GV2M2
V
= − v2
2M2
V
F4 = G
2
V
4M2V
=
(M2A−M2V )v2
4M2VM
2
A
F5 = c
2
d
4M2
S1
− G2V
4M2
V
=
c2d
4M2
S1
− (M2A−M2V )v2
4M2
V
M2
A
F6 = − (λ
hA
1 )
2v2
M2
A
= −M2V (M2A−M2V )v2
M6
A
F7 = d
2
P
2M2P
+
(λhA1 )
2v2
M2A
=
d2P
2M2P
+
M2V (M
2
A−M2V )v2
M6A
F8 = 0
F9 = −FAλ
hA
1 v
M2A
= −M2V v2
M4A
χP =
dP
v
(∂µh) u
µ , χS1 =
cd√
2
〈uµuµ〉+ λhS1v h2 . (221)
The spin-1 fields are described with antisymmetric tensors and all couplings must be
actually understood as functions of h/v. At this chiral order, the singlet vector, axial-
vector and pseudoscalar fields, and the scalar triplet cannot couple to the Nambu–
Goldstone modes and gauge bosons.
Integrating out the heavy fields, one easily recovers the bosonic O(p4) EWET
structures. In addition, the exchange of the scalar singlet field S1 generates a correction
to the LO EWET Lagrangian,
∆L(2)S1 =
λhS1
2M2S1
v h2
{
λhS1 v h
2 +
√
2 cd 〈 uµuµ 〉
}
, (222)
that is suppressed by two powers of the heavy mass scaleMS1 . The function λhS1(h/v)
should be assigned a chiral dimension 2 to get a consistent power counting, so that the
two terms in (222) have the same chiral order O(p4). The term proportional to λhS1cd
contributes to Fu(h/v) in (187), while the (λhS1)2 term corrects the Higgs potential
V (h/v).
The predicted values of the O(p4) couplings Fi(h/v), in terms of resonance parame-
ters, are detailed in Table 5. The exchange of triplet vector states contributes to F1−5,
while axial-vectors triplets leave their imprints on F1,2,6,7,9. The spin-0 resonances
have a much more reduced impact on the LECs: a pseudoscalar triplet only manifests
in F7 and the singlet scalar contributes only to F5. Possible low-energy contributions
from more exotic JPC = 1+− heavy states haven been analysed in Ref. [57].
The predicted vector and axial-vector contributions are independent of the (an-
tisymmetric) formalism adopted to describe the spin-1 resonances. The same results
are obtained using Proca fields or a hidden-gauge formalism [24, 55], once a proper
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utraviolet behaviour is required (physical Green functions should not grow at large
momenta) [175].
12.1 Short-distance behaviour
The previous resonance-exchange predictions can be made more precise with mild
assumptions about the ultraviolet properties of the underlying fundamental theory.
The procedure is similar to the one adopted before in RχT. One imposes the expected
fall-off at large momenta of specific Green functions, and obtains constraints on the
resonance parameters that are valid in broad classes of dynamical theories.
The functional derivatives of the action with respect to the external sources Wˆµ
and Bˆµ define the corresponding left and right (vector and axial) currents. In complete
analogy with QCD, the matrix element of the vector current between two Nambu–
Goldstone bosons is characterized by a vector form factor that has the same functional
form of eqn (145), with FV and GV the vector couplings in (221) and the electroweak
scale v replacing the pion decay constant F . Requiring that this form factor should
vanish at infinite momentum transfer implies the constraint
FV GV = v
2 . (223)
Enforcing a similar condition on the matrix element of the axial current between the
Higgs and one Nambu–Goldstone particle, one obtains [179, 180]:
FA λ
hA
1 =
1
2
c
(u)
1 v ≡ a v , (224)
where c
(u)
1 is the h ∂µ
~φ ∂µ~φ coupling in (187), which for a ≡ 12 c
(u)
1 = 1 reproduces the
gauge coupling of the SM Higgs.
The two-point correlation function of one left-handed and one right-handed cur-
rents is an order parameter of EWSB, formally given by the same expressions as in
QCD, eqn (149) and (150), changing F by v. In asymptotically-free gauge theories,
ΠLR(t) vanishes as 1/t
3, at large momenta [32], which implies the two Weinberg Sum
Rules [208]:
F 2V − F 2A = v2 , F 2V M2V − F 2AM2A = 0 . (225)
These conditions require MV < MA and determine FV and FA in terms of the reso-
nance masses and the electroweak scale, as in (152). At the one-loop level, and together
with (223) and (224), the super-convergence properties of ΠLR(t) also impose a relation
between the Higgs gauge coupling and the resonance masses [179, 180]:
a = M2V /M
2
A < 1 . (226)
Thus, the coupling of the Higgs to the electroweak gauge bosons is predicted to be
smaller than the SM value.
With the identities (223), (224), (225) and (226), all vector and axial-vector con-
tributions to the O(p4) LECs can be written in terms ofMV ,MA and v. The resulting
expressions are shown in the last column of Table 5, and are valid in dynamical scenar-
ios where the two Weinberg sum rules are fulfilled, as happens in asymptotically-free
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theories. Softer conditions can be obtained imposing only the first sum rule [179,180],
i.e., requiring ΠLR(t) ∼ 1/t2 at large momentum transfer, which is also valid in gauge
theories with non-trivial UV fixed points [164].
The expressions derived for the LECs in terms of the vector and axial-vector cou-
plings are generic relations which include the functional dependence on h/v hidden in
the couplings. This is however no-longer true for the improved predictions incorporat-
ing short-distance constraints, where only constant couplings have been considered.
Thus, the expressions on the right-hand side of Table 5 refer to Fi,0, the O(h0) terms
in the expansion of the corresponding LECs in powers of h/v.
The numerical predictions for the different LECs Fi ≡ Fi,0, obtained with the
short-distance constraints, are shown in Fig. 18 as functions of MV . The light-shaded
regions indicate all a priori possible values with MA > MV . The dashed blue, red and
green lines correspond to M2V /M
2
A = 0.8, 0.9 and 0.95, respectively. A single dashed
purple curve is shown for F3, which is independent of MA. The coupling F2, which is
not displayed in the figure, satisfies the inequality
F2 ≤ − v
2
8M2V
, (227)
but its absolute value cannot be bounded with the current information.
The scalar and pseudoscalar contributions can be isolated through the combina-
tions F4 + F5 and F6 + F7 that depend only on the ratios MS1/cd and MP /dP ,
respectively. The predicted values are shown in Fig. 19.
12.2 Gauge-boson self-energies
The presence of massive resonance states coupled to the gauge bosons modifies the Z
and W± self-energies. The deviations with respect to the SM predictions are charac-
terized through the so-called oblique parameters S and T and U [132,133,164,165] (or
equivalently ε1, ε2 and ε3 [11]), which are bounded by the electroweak precision data
to the ranges [112]:
S = 0.04± 0.11 , T = 0.09± 0.14 , U = −0.02± 0.11 . (228)
S measures the difference between the off-diagonal W3B correlator and its SM value,
while T parametrizes the breaking of custodial symmetry, being related to the dif-
ference between the W3 and W
± self-energies. The parameter U is not relevant for
our discussion. These electroweak gauge self-energies are tightly constrained by the
super-convergence properties of ΠLR(t) [164].
Al LO, the oblique parameter T is identically zero, while S receives tree-level
contributions from vector and axial-vector exchanges [165]:
SLO = −16πF1 = 4π
(
F 2V
M2V
− F
2
A
M2A
)
=
4πv2
M2V
(
1 +
M2V
M2A
)
. (229)
In the EWET, SLO is governed by the LEC F1. The prediction from LEWRχT, in
terms of vector and axial-vector parameters, reproduces the value of F1 in Table 5.
The expression on the right-hand side of (229) makes use of the two Weinberg sum
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Fig. 18 Predicted values of the O(p4) LECs in asymptotically-free theories, as function of
MV [174]. The light-shaded regions cover all possible values with MA > MV , while the blue,
red and green lines correspond to M2V /M
2
A = 0.8, 0.9 and 0.95, respectively. F3 does not
depend on MA. The S and T constraints restrict the allowed values to the dark areas.
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Fig. 19 Scalar and pseudoscalar contributions to F5 and F7, respectively [174].
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Fig. 20 NLO contributions to S (first 2 lines) and T (last 2 lines). A dashed (double) line
stands for a Nambu–Goldstone (resonance) boson and a wiggled line indicates a gauge boson.
rules (225), which also imply MA > MV . Therefore, SLO is bounded to be in the
range [178]
4πv2
M2V
< SLO <
8πv2
M2V
, (230)
which puts a strong limit on the resonance mass scale: MV > 1.9 TeV (90% CL).
At NLO, S and T receive corrections from the one-loop diagrams displayed in
Fig. 20. The calculation of S can be simplified with the dispersive representation [165]
S =
16π
g2 tan θW
∫ ∞
0
dt
t
[
ρS(t)− ρS(t)SM
]
, (231)
where ρS(t) is the spectral function of the W3B correlator. Since ρS(t) vanishes at
short distances, the integral is convergent and, therefore, the dispersive relation does
not require any subtractions. The relevant diagrams were computed in Refs. [179,180],
at LO in g and g′. The dominant contributions originate from the lightest two-particle
cuts, i.e., two Nambu–Goldstone bosons or one Higgs plus one Nambu–Goldstone
boson. The corrections generated by φaV and φaA intermediate states are suppressed
by their higher mass thresholds.
Up to corrections of O(m2W /M2R), the parameter T is related to the difference be-
tween the charged and neutral Nambu–Goldstone self-energies [25]. Since the SU(2)L
gauge coupling g does not break custodial symmetry, the one-loop contributions to T
must involve the exchange of one B boson. The dominant effects correspond again to
the lowest two-particle cuts, i.e., the B boson plus one Nambu–Goldstone or one Higgs
boson. Requiring the W3B correlator to vanish at high energies implies also a good
convergence of the Nambu–Goldstone self-energies, at least for the two-particle cuts
considered. Therefore, their difference also obeys an unsubtracted dispersion relation,
which enables to compute T through the dispersive integral [180]:
T =
4π
g′2 cos2 θW
∫ ∞
0
dt
t2
[
ρT (t)− ρT (t)SM
]
, (232)
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Fig. 21 NLO determinations of S and T in asymptotically-free theories [179, 180]. The
approximately vertical lines correspond to constant values of MV , from 1.5 to 6.0 TeV at
intervals of 0.5 TeV. The approximately horizontal curves have constant values of a = 0.00,
0.25, 0.50, 0.75 and 1.00. The arrows indicate the directions of growingMV and a. The ellipses
give the experimentally allowed regions at 68% (orange), 95% (green) and 99% (blue) CL.
with ρT (t) the spectral function of the difference of the neutral and charged Nambu–
Goldstone self-energies.
Neglecting terms of O(m2h/M2V,A) and making use of the short-distance conditions
derived previously, the one-loop calculation gives [179, 180]
S = 4πv2
(
1
M2V
+
1
M2A
)
+
1
12π
{
log
M2V
m2h
− 11
6
+
M2V
M2A
log
M2A
M2V
− M
4
V
M4A
(
log
M2A
m2h
− 11
6
)}
(233)
and [180]
T =
3
16π cos2 θW
{
1 + log
m2h
M2V
− a2
(
1 + log
m2h
M2A
)}
. (234)
These NLO determinations are compared in Fig. 21 with the experimental constraints.
When a = M2V /M
2
A = 1, the parameter T vanishes identically, as it should, while the
NLO prediction of S reaches the LO upper bound in eqn (230). Smaller values of
a =M2V /M
2
A → 0 lead to increasingly negative values of T , outside its experimentally
allowed range. Thus, the precision electroweak data require that the Higgs-like scalar
should have a WW coupling very close to the SM one. At 95% CL, one gets [180]
0.94 ≤ a ≤ 1 , (235)
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in nice agreement with the present LHC evidence [21], but much more restrictive.
Moreover, the vector and axial-vector states should be very heavy (and quite degen-
erate) [180]:
MA ≥ MV > 4 TeV (95% C.L.) . (236)
Combining these oblique constraints with the previous resonance-exchange pre-
dictions for the LECs of the EWET, one gets much stronger constraints on the Fi
couplings. At 95% C.L., the allowed regions get reduced to the dark areas shown in
Fig. 18, which imply the limits [180]:
−2 · 10−3 < F1 < 0 , 0 < F4 < 2.5 · 10−5 , −2 · 10−3 < F3 < 0 ,
− 9 · 10−5 < F6 < 0 , −4 · 10−3 < F9 < 0 . (237)
These constraints are much more restrictive than the current direct bounds obtained
from the Higgs signal strengths and anomalous gauge couplings [47, 68, 85, 86]. The
limits (237) apply to any scenarios of new physics where the two Weinberg sum rules
are satisfied, in particular in asymptotically-free theories. More generic limits that
remain valid in models where only the first Weinberg sum rule is fulfilled have been
derived in Ref. [180].
13 Summary
EFT is a very adequate framework to describe the low-energy dynamics of Nambu–
Goldstone degrees of freedom. They are massless fields, separated by an energy gap
from the massive states of the theory, and their dynamics is highly constrained by
the pattern of symmetry breaking. The effective Lagrangian can be organised as an
expansion in powers of momenta over some characteristic scale associated with the
spontaneous (or dynamical) symmetry breaking. The zero-order term in this expansion
vanishes identically because a constant shift of the Nambu–Goldstone coordinates
amounts to a global rotation of the whole vacuum manifold that leaves the physics
unchanged. Therefore, the Nambu–Goldstone bosons become free particles at zero
momenta. Moreover, at the leading non-trivial order in the momentum expansion, the
symmetry constraints are so restrictive that all the Nambu–Goldstone interactions are
governed by a very low number of parameters, leading to a very predictive theoretical
formalism.
In these lectures, we have concentrated the discussion on two particular applications
of high relevance for fundamental physics: QCD and the electroweak theory. While the
dynamical content of these two quantum field theories is very different, they share the
same pattern of symmetry breaking (when only two light flavours are considered in
QCD). Therefore, the low-energy dynamics of their corresponding Nambu–Goldstone
modes is formally identical in the limit where explicit symmetry-breaking contributions
are absent.
The low-energy EFT of QCD, χPT, has been thoroughly studied for many years
and current phenomenological applications have reached a two-loop accuracy. The
main limitation is the large number of LECs that appear at O(p6). These LECs encode
the short-distance information from the underlying QCD theory and are, in principle,
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calculable functions of the strong coupling and the heavy quark masses. Owing to the
non-perturbative nature of the strong interaction at low energies, the actual calculation
is, however, a formidable task. Nevertheless a quite good dynamical understanding of
these LECs has been already achieved through large-NC methods and numerical lattice
simulations.
The EWET contains a much richer variety of ingredients, such as fermions and
gauge symmetries, and a more involved set of explicit symmetry-breaking effects.
Therefore, the effective Lagrangian has a more complex structure and a larger amount
of LECs. The number of unknown couplings blows when the flavour quantum numbers
are included, clearly indicating our current ignorance about the fundamental flavour
dynamics. The electroweak effective Lagrangian parametrizes the low-energy effects of
any short-distance dynamics compatible the SM symmetries and the assumed pattern
of EWSB. The crucial difference with QCD is that the true underlying electroweak
theory is unknown.
In the absence of direct discoveries of new particles, the only accessible signals
of the high-energy dynamics are hidden in the LECs of the EWET. High-precision
measurements of scattering amplitudes among the known particles are sensitive to
these LECs and could provide indirect evidence for new phenomena. The pattern of
LECs emerging from the experimental data could then give us precious hints about the
nature of the unknown ultraviolet theory responsible for any observed “anomalies”.
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Exercises
1 Prove the Current-Algebra commuta-
tion relations in eqn (20).
2 The quadratic mass term of the O(p2)
χPT Lagrangian generates a small
mixing between the φ3 and φ8 fields,
proportional to the quark mass differ-
ence ∆m ≡ md −mu (see footnote 4).
a) Diagonalize the neutral meson mass
matrix and find out the correct π0 and
η8 mass eigenstates and their masses.
b) When isospin is conserved, Bose
symmetry forbids the transition η →
π0π+π− (why?). Compute the decay
amplitude to first-order in ∆m.
3 a) Compute the axial current at O(p2)
in χPT and check that Fpi = F at this
order.
b) Expand the O(p2) axial current to
O(Φ3) and compute the 1-loop correc-
tions to Fpi. Remember to include the
pion wave-function renormalization.
c) Find the tree-level contribution of
the O(p4) χPT Lagrangian to the ax-
ial current. Renormalize the UV loop
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divergences with the O(p4) LECs and
obtain the O(p4) expression for Fpi in
eqn (80).
4 Compute the elastic scattering am-
plitude of two electroweak Nambu–
Goldstone bosons at LO and obtain
the O(p2) term in eqn (217).
5 Consider the two-point correlation
function of a left-handed and a right-
handed vector currents, either in RχT
or the EWET with massive states
(EWRχT), and compute the LO (tree-
level) contributions.
a) Obtain the result for ΠLR(t) in
eqn (150).
b) Demonstrate that in QCD
ΠLR(t) ∼ 1/t
3 at t→∞.
c) Derive the Weinberg sum rules in
eqn (151).
6 Assume the existence of a hypotheti-
cal light Higgs which couples to quarks
with the Yukawa interaction
Lh0 q¯q = −
h0
v
∑
q
kqmq q¯q .
a) Determine at LO in χPT the effec-
tive Lagrangian describing the Higgs
coupling to pseudoscalar mesons in-
duced by the light-quark Yukawas.
b) Determine the effective h0Gµνa G
a
µν
coupling induced by heavy quark
loops.
c) TheGµνa G
a
µν operator can be related
to the trace of the energy-momentum
tensor, in the 3-flavour QCD theory:
Θµµ =
β1αs
4π
Gµνa G
a
µν + q¯Mq ,
where β1 = −
9
2
is the first coef-
ficient of the β function. Using this
relation, determine the LO χPT La-
grangian incorporating the Higgs cou-
pling to pseudoscalar mesons induced
by the heavy-quark Yukawas.
d) Compute the decay amplitudes
h0 → 2π and η → h0π0.
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